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Abstract. We define the displacement, smear, and jitter components of image motion and derive the two-dimen-
sional statistical image motion optical transfer function (OTF) corresponding to each component. These stat-
istical OTFs are parameterized by means and covariances, which are computed most conveniently from a
weighted power spectrum of the line-of-sight motion. Another feature of these results is the realization that
all temporal and spatial frequencies contribute to each statistical OTF and that one can determine the frequen-
cies that contribute most significantly to each OTF. Additionally, optical system design is typically based upon the
properties of an individual image. In a comprehensive optical system design, the statistical properties of an
ensemble of images should also be considered. For individual images subject to a constant but possibly
unknown smear length, the OTF is a sinc function. This is called a deterministic smear OTF because it
does not describe the smear statistically. The statistical smear OTF describes the average smear OTF for
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1 Introduction

The point spread function (PSF) is the image of a point
source of light. The PSF is shaped by various effects, includ-
ing the spatial frequency response of the optics and image
motion due to line-of-sight (LOS) motion. The optical trans-
fer function (OTF) of an isoplanatic (shift invariant) optical
system is the two-dimensional (2-D) spatial Fourier trans-
form (FT) of the PSF for noncoherent (incoherent) optical
radiation, and the modulation transfer Function (MTF) is
its magnitude.'” Prominent uses for the OTF of an optical
system include predicting performance from simulation
information, specifying performance tolerances and require-
ments for an optical system, and analyzing performance from
test data.

Optical systems operating in real-world scenarios are sub-
ject to dynamic environments. The principle dynamic effect
is image motion during the exposure interval in which
electromagnetic energy is collected by the detector. Image
motion reduces the system OTF, particularly at higher spatial
frequencies, and therefore reduces image quality. Image
motion is potentially a limiting factor in the imaging perfor-
mance of an optical system. The image motion treated herein
is the relative LOS pointing motion projected onto the two
spatial dimensions of a focal plane. The relative pointing
motion is due to camera attitude error, deliberate attitude
motion, translational camera motion, and translational target
motion. Other sources of image motion, distortion, and vary-
ing target aspect, for example, are not considered. The vari-
ous types and sources of image motion are illustrated and
explained in detail in Ref. 3 (Ch. 8, pp. 103—115). The effect
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of image motion on the performance of an optical system is
measured by an image motion OTF. In addition to its con-
tribution to the system OTF described above, the image
motion OTF is also needed to calculate an inverse filter
for image compensation. In this work, we consider systems
where all elements of the image sensor are exposed simulta-
neously. Line scan detectors, time delay integration (TDI),
and moving shutter systems are not considered.

1.1 Objective

The purpose of this paper is to derive statistical image motion
OTFs in two dimensions of spatial frequency for image dis-
placement, smear, and jitter, and to provide a methodology to
compute the parameters of the OTFs from LOS pointing
motion of the optical system. Conventional analysis of the
smear OTF (a sinc function) assumes some particular value
for smear, so we call it a deterministic smear OTF. In general,
image smear has a mean value plus a random variation from
one image to another. In some optical systems, the random
variation dominates the mean. The statistical smear OTF
measures the average performance of an ensemble of images
subject to nonzero-mean Gaussian random smear. It is best
visualized as a surface over the two dimensions of spatial
frequency. The derivations yield the familiar Gaussian jitter
OTF, which is also a statistical OTF, and a displacement
OTF, which measures image offset due to image motion.
The parameters of the OTFs are means and covariances com-
puted from the power spectrum of the pointing motion
weighted by frequency domain weighting functions. Various
types of pointing metrics are defined. The OTFs and the
method to compute their parameters are intended to support
integrated modeling, multidisciplinary analysis, and simula-
tion of electro-optical systems.
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1.2 Historical Literature Survey

Various authors®™'® have analyzed the effect of image motion
on the performance of optical systems. The OTF has been
studied analytically and numerically for specific motions
such as uniform linear motion, accelerated motion, low-
frequency sinusoidal motion with period greater than the
exposure interval and with various initial phase angles,
high-frequency sinusoidal motion with period less than
the exposure interval, and white Gaussian random motion
(jitter). The image motion OTF has been studied extensively
for deterministic motion. Except for the jitter OTF, statistical
treatment of image motion OTF has been limited to numeri-
cal evaluation.

The image motion MTF derived in Refs. 4 and 5 for high-
frequency sinusoidal motion, assuming an integral number
of cycles during an exposure or many cycles so that frac-
tional cycle is negligible, is shown to be a zero-order
Bessel function Jy(2zED) of the spatial frequency & and
amplitude D of the sinusoid. The low-frequency image
motion MTF in Ref. 5 is simply the image motion MTF for
uniform linear motion with the assumption that the image
exposure time is much shorter than the period of the sinus-
oid. The image motion OTF for uniform linear motion and
Gaussian random motion are also given in Ref. 4. The OTF
for uniform linear motion and for sinusoidal motion, with
zero to two cycles in the exposure interval, including frac-
tional cycles, and for various initial phase angles, are ana-
lyzed in Ref. 7. The image motion OTF for quadratic
motion was first analyzed in Ref. 6. The image motion OTF
for linear plus quadratic (accelerated) motion is derived in
Ref. 8, where it is shown that in the presence of accelerated
motion the MTF is nonzero at any spatial frequency but
approaches the sinc function as the smear due to acceleration
becomes small compared with the smear due to the initial
velocity. The MTF for a fractional-cycle sinusoid at a par-
ticular initial phase angle shown in Ref. 7 is similar to the
MTF for accelerated motion in Ref. 8. This is not surprising,
since a short segment of a sinusoid can be approximated as a
quadratic. Image degradation due to various types of image
motion is summarized in Ref. 3 (Ch. 8, pp. 115-124). A
“lucky shot” probability model is derived in Ref. 10 and con-
firmed experimentally in Ref. 11 to predict how many inde-
pendent exposures are needed, with a given probability, to
obtain at least one image with a smear less than a given
length. This result is important to compute the probability
of target acquisition. A numerical method to compute the
MTF from arbitrary motion data is presented in Ref. 12,
and MTFs are computed numerically for linear motion and
for high- and low-frequency sinusoidal motion. Average
MTFs for low-frequency sinusoidal motion with random ini-
tial phase (relative to the start of the exposure) and for low-
frequency motion with a range of amplitudes are also com-
puted in Ref. 12. The OTF for sinusoidal image motion is
computed in Ref. 13 by first obtaining a line spread function
(LSF) from a histogram (probability density function) of the
image motion data and then computing the OTF by a fast
Fourier transform (FFT) of the LSF. The numerically com-
puted OTF due to sinusoidal image motion is studied in
greater detail and confirmed experimentally using motion
sensor data in Ref. 13. The numerically computed OTF for
accelerated motion is also analyzed in Refs. 13 and 14. The
image motion analyses in Refs. 10-14 are summarized in
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Ref. 15 (Ch. 14). An image motion MTF is derived in Ref. 16
by using moments of the motion data. There is no assump-
tion about the type of motion or about its probability density.
Results show that a large number of moments are typically
required to achieve acceptable numerical accuracy, and the
number of moments required depends on the data. A deter-
ministic image motion MTF for a time-delay-integration
(TDI) detector subject to uniform linear motion and a stat-
istical (jitter) image motion MTF are derived in Ref. 17. The
image motion MTF for a TDI line-scan detector and uniform
linear motion was derived and analyzed via simulation in
Ref. 18.

In many systems, the image motion is more accurately
represented by a power spectral density (PSD) spread over
a range of frequencies rather than a single vibrational fre-
quency. Image motion is defined in Refs. 19 and 20 as a dis-
placement plus jitter, and the variances of the displacement
and jitter are computed from the PSD of the image motion
weighted by temporal-frequency domain weighting func-
tions for displacement and jitter. The computation of covari-
ance matrices in the present work follows that of Refs. 19
and 20. The jitter MTF given in Refs. 19 and 20 is the
same as in Ref. 17. In previous work by the first author*'*
the terms “stability” and “jitter” are defined and (point-to-
point) stability and windowed stability are introduced as
measures of image stability over multiple images. A standard
adopted by the National Geospatial Intelligence Agency for
spatial data accuracy” defines a point-to-point stability met-
ric and an algorithm to compute it, typically for line-scan
data. This metric can be computed more efficiently by our
method (Sec. 4.1). Windowed stability measures the change
in displacement from one image to another and is useful for
image registration and target tracking.

1.3 Approach

This work extends results®* for LOS motion in one spatial
dimension to two spatial dimensions and removes the
assumption of zero-mean smear rate (and zero-mean smear).
We first define the displacement, mean smear rate, and jitter
components of image motion over the exposure interval and
derive expressions for these as a function of the pointing
motion. The mean smear is the mean smear rate times the
exposure time. We then derive from first principles the gen-
eral image motion OTF as a function of the pointing motion.
The general image motion OTF is written in terms of dis-
placement, smear, and jitter, which is shown to be separable
in these components of pointing motion. Taking expectations
and time averages yields the statistical image motion OTFs.
The OTFs are parameterized by means and covariances,
which are computed from the power spectrum of the pointing
motion weighted by frequency domain weighting functions.
The frequency domain weighting functions are a direct result
of the definitions of the displacement, mean smear rate, and
jitter. A notable result is that the statistical smear OTF cannot
be written as the product of one-dimensional (1-D) OTFs,
unlike the deterministic smear OTF and the Gaussian jit-
ter OTF.

1.4 Organization

In Sec. 2, the components of the pointing motion (displace-
ment, smear, and jitter) are defined and expressions for these
components in terms of the pointing motion are derived. In
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Sec. 3, we derive the general image motion OTF and derive
expressions for the displacement, statistical smear, and jitter
OTFs. The statistical smear OTF is characterized in Sec. 3.2.
The statistical smear LSF (1-D PSF) is derived in Sec. 3.3.
The OTFs and LSF are summarized in Table 1 in Sec. 3.3. In
Sec. 4 and in Appendices A—H, equations for the mean and
covariance of the components of the pointing motion are
derived based on the power spectrum of the pointing
motion. The lengthy derivations of the weighting functions
are relegated to the Appendices but summarized in Table 2
in Sec. 4. Weighting functions used to compute the various
covariance matrices are discussed in Sec. 4.1. The compu-
tation of the power spectrum is presented in Sec. 4.2,
and a method for simulating and analyzing the pointing
motion in an imaging vehicle or platform is discussed in
Sec. 4.4.

2 Pointing Motion Model

Image motion is due to the relative LOS motion of the cam-
era and the observed object. The relative LOS motion is
caused by the relative translational and rotational motion
of the camera and the observed object. Image motion due
to changes in aspect of the object is not considered here.
The image motion p(#) can be modeled by

o) = | 17| = ecx.0), m

where ¢(X, 0) is a camera model parameterized by the rel-
ative translation X and relative attitude 0. The relative atti-
tude here is a small-angle rotation vector but could be
represented by a quaternion, direction cosine matrix, Euler
angles, or other parameterization. Relative pointing motion
and image motion are synonymous, with image motion being
interior to the camera and relative pointing motion being
exterior to the camera.

Figure 1 shows image motion comprising displacement,
smear, and jitter. Displacement is the average image offset
over the exposure interval of length 7. Smear is due to a lin-
ear motion over the interval and is equal to 7" times the smear
rate, where the smear rate is the average slope of the image
motion over the exposure interval. Jitter is the residual
motion after displacement and smear are removed from
the image motion. Smear results in a streaked image and jit-
ter causes an image to be blurred.

1.5

Pointing motion

Displacement

0.5f

Image motion

o
1
\
1
1
1
1
\
)
i
1
\
Jesws

-0.5 L L L
-T2 0 T2
Exposure time relative to £,

Fig. 1 lllustration of image motion comprising displacement, smear,
and jitter.
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The image exposure interval of length T centered at time
o is

I(to) =[to=T/2, 10+ T/2].
The image motion p(#) over the exposure interval is

P(t) =D(10) + (1= 10)¥(t0) +w(r),  1€L(ty), (2

where p(7,) is the image displacement over Z (), ¥(t,) is the
uniform smear rate (the average rate) over Z(#,), and y(¢) is
the jitter motion in the interval Z(#,). For convenience, let
a =t —ty and write Eq. (2) as

a€[-T/2,T/2).
3)

Pt +a) =p(to) +av(t) +w(to + ),

The jitter over Z(f,) is obtained from Eq. (3) as

ae[-T/2,T/2].
“)

W(ty+a) =p(ty+a) —p(ty) —av(ty),

We shall compute the displacement and smear rate from a
least-squares fit of p(#,) and V(#;) to the pointing motion
p(7) over the interval Z(#y). The jitter motion is then the
least-squares residual. The best fit minimizes the mean
square jitter

1 [T/)2 5
Jty) = & / w(to + )2 da

T ) 1)
1 (12 _ I
7 [ ot + )= bl - avw)P e S
-7/2

where J(#y) is the mean square jitter in the interval Z(zy).
Differentiation of J with respect to the displacement p
gives

aJ 1 [71/2
=7 2Bl @) =Bl -] e ©

Setting this partial derivative to zero yields

/_ " plto + @) da = / (o) + av(1o)] da

T/2 -T/2
= Tp(tp). (7
The displacement is thus given by
_ 1 [1/2
Bo) =7 [ plto + @) d ®
-T/2

Differentiation of J with respect to the smear rate v gives

aJ 1 [71/2
Z-1/ 2Bl +@) = B() ~a¥(ig)de )

Setting this partial derivative to zero yields
T/2 T/2
/ ap(to + a) da = / lap(to) + @*¥(10)] da
-T/2 -T/2
T3

= EV(Z‘Q). (10)
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The smear rate is thus given by

_ 12 [T/2
V(IO):F T/zap(t0+a)da. (11)

Smear, rather than smear rate, is the observable to which
optical system performance is traditionally linked. The
smear length §(z)) is the linear change in the pointing
over the interval Z(fy) and is given by

S(tg) = TV(ty). 12)

We assume that p(z,) and v(#,) are Gaussian and wide
sense stationary with expected value means

E{p(t)} = . 13)

&)} = p, (14)

and covariances Xp and X, respectively. The mean smear
due to the uniform smear rate is

E{s(1y)} = s = Tp. (15)

with covariance
T = T%%g. (16)

We assume also that the jitter motion y(7) = y(¢y + a) is
Gaussian. The jitter is zero mean when the data fits the
model Eq. (2) at each 1:

E{w(ty+a)} = 0. 17)

The mean-square jitter over the interval Z(z,) is given by

) = [ hwlto + @liwty + o 18)

This is similar to the scalar average square jitter in Eq. (5).
The jitter covariance is

Ty = E{J(10)}- (19)

Formulas to compute X, Xy, Xg, and X; from the power
spectrum of the pointing motion p(#) are summarized in
Table 2 in Sec. 4. These covariance matrices are used in
the formulas in the previous section to compute the smear
and jitter OTFs.

3 Image Motion Optical Transfer Function

The noncoherent (incoherent) imaging of an isoplanatic
(shift invariant) electro-optical system is the product of
the Fourier transform of the point spread function of the opti-
cal system and the Fourier transform of the object geomet-
rically projected onto the detector plane. The imaging
process in the Fourier transform domain is

FTimage (g) = FTobjeCt (g)OTFsystem (‘g) ’ (20)

where & = [éx &y } T is the 2-D spatial frequency. The OTF
of an optical system is the product of the OTF of the image
motion, the OTF of the optical diffraction (aperture, wave-
front, and so on.), the OTF of the detector, the OTF of
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the atmosphere, and any other effects that may be present.
A typical system OTF is thus given by

OTFsyslem (é) = OTFalmosphere (‘:) OTFoptics (é)
: OTFmotion (é) OTFdetector (g) . (2 1 )

In this work we are concerned only with the effect of image
motion on the system OTFE.

The irradiance I,(x, t) of a still image is a function of the
spatial location x in the image. The average irradiance at x
over an exposure of duration 7 seconds centered at time £ is

1 to+T/2
go(x) = ?/ I,(x,1)dz. (22)
to—T/2

We assume that the irradiance of a still image is constant with
time so that /,(x, ) = I,(x), and so we have

9o(X) = 1o (X). (23)

The 2-D Fourier transform of g,(x) is

G, (&) = / " go(X)em 2% dx (24)

(o]

The irradiance of the image subject to image motion p(¢)
is I(x,t) = I,[x — p(#)], and the average irradiance over the
exposure is

1 to+T/2
g(x) = — / Ik, 1) de
T to=T/2

1 to+T/2
! / I,[x — p(1)] dr. (25)
T to—=T/2

The 2-D Fourier transform of g(x) is
G@w:/“g@>*hﬂﬂm
® 1 T/2
Lol
Letz = x — p(¢). Then x = z + p(¢) and dx = dz. Substitute
these into Eq. (26) to get

o ] IO+T/2
so- "1/
t0—T/2
/oo 1 /t0+T/2
B t0-T/2
1 to+T/2
= ["amer s [
—oo T Ji-1)2

= Go(g)K(g’ tO)' (27)

)] dre~27€'x dx. 26)

Ye~i27E p(0] dz dy
—i27r§Tz e~ 278"p(1) dz d
27E"p(1) 4z

The term K (&, #,) is the general single image motion OTF for
the exposure interval centered at f:

1 to+T/2
k(&) :?/ /2 <
to—

It will be convenient to substitute r = t, + a and df = da
into Eq. (28) to obtain

i278"p(1) iy, (28)
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1 (T2
K(&10) == / o e~i2nE'pliota) dgy. (29)

This single image motion OTF depends on the image motion
p(#) during the exposure interval centered at time f.

3.1 Statistical Image Motion Optical Transfer
Function

An analytical expression for the statistical image motion
OTF is derived in this section. The statistical image motion
OTF is the expected value of the single image motion OTF in
Eq. (29):

OTFotion (é) = 8{K(€7 z‘O)}
T/2 o
= l E{e~12% p(fo+a)} da. (30)
T )1

The integrand in Eq. (30) is

A

H(é) _ 5{e—i2n§Tp(t0+a)}_ 3D

Substitute for p(zy + a) from Eq. (3) into Eq. (31) and factor
the exponential:

H(E) = £{e= 2 Blto)+¥(t)arw(n)]}
= g{e—i2”§Tl5(fo)e—i2”§T‘7(fo)ae—i2”§T1I'(f)}. (32)

It is shown in Appendix D that p(#,) and ¥(#y) are indepen-
dent random variables in each interval Z(¢), and are inde-
pendent of the least-squares residual (7 + a) = y(¢) so
we have for t € Z(#y) and a € [-T/2,T/2],

I:I(g) _ g{e—i2zz§7p(t0) }5{e—izngT\?(zo)a}g{e—iznéfw(z)}
= OTFp(E)OTFs (&, a)OTF; (&), (33)

where OTFp(€) is the displacement OTF, OTFg(€, @) is the
smear OTF, and OTF;(€) is the jitter OTF. The dependence
of OTFs (&, @) on a will be removed by integration over a in
Eq. (30) so that

OTFotion (&) = OTFp (é) OTFg (é) OTF,; (g) . (34)

3.1.1 Displacement optical transfer function

The displacement of an image is represented in the OTF by a
constant phase shift. For any given exposure centered at time
fo, the displacement p(#y) is a random constant during the
exposure interval. Therefore we take the expectation in
Eq. (33) to obtain

OTFp (&) = 278" pl0), (35)

An image displacement is merely a shift in position of the
image in the focal plane, and so the displacement MTF is
unity, since MTF (&) = |OTF(&)| = 1.
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3.1.2 Smear optical transfer function

For a Gaussian random smear rate v(f,) with mean p
and covariance Xy, the second term in Eq. (33) is the char-
acteristic function associated with the Gaussian density of
¥(t), so we have [Ref. 25 (p. 115)],

OTFs(&, a) = E{e 2 V(0)2y (36)
= exp(—27°E" Tpéa’ — i27E  par). 37
The dependence on « is removed by taking a time average

over the exposure interval, which yields the statistical smear
OTF,

1 (12
OTFg(&) = ?/T/Z exp(—2n%E' Epéa? — i2n€  pa)da, (38)

= \;—;exp(—rz)Re[erfz(q +ir)], (39)
where
21 26T 2 _ (&p)’
q- = Z(ET) & XRé, re= 2ETERE (40)

For convenience, using Egs. (15) and (16), ¢ and 7 can be
written in terms of the mean smear and smear covariance,

NGOG
28R

¢ = 3 PEEE, @

The function erfz(-) in Eq. (39) is the complex error func-
tion (usually denoted erf), and Re(-) is the real part of its
complex argument. Equation (39) was obtained with the
aid of Ref. 26 (p. 108, §2.33-1), which is also found in
Ref. 27 [p. 3, §3.2, Eq. (3)]. The complex error function
is found in Fourier analysis, Fresnel integrals, and the plasma
dispersion function.

The error function erf(x) for real x is Ref. 25 (p. 48)

erf(x) = % A e dr. 42)

The complex error function erfz is the error function®® con-
tinued into the complex plane with a complex argument z in
place of the real argument x. The complex error function is
Hermetian, so erfz(z) = erfz(z). [Similarly, the standard
error function is odd, so erf(—x) = —erf(x).] The complex
error function is bounded between 41 for all real z = ¢, but
unbounded on the imaginary axis £ir as |r| — oo. Therefore
Eq. (39) is best computed from exp(—|z|?)erfz(z) rather than
from separate terms. The complex error function and its
properties, related functions, and series expansions are
given in Ref. 29 (p. 297-309). Algorithms, code, and docu-
mentation for computing the complex error function are
found in Refs. 30-34. One must be careful in using any
numerical algorithm — remarks on the method in Ref. 33
indicate that it may be less accurate for complex arguments
near the imaginary axis. It is beyond the scope of this paper
to provide a detailed treatment of numerical methods to com-
pute the complex error function. The reader is directed to
Ref. 30 (§7) as a starting point, but beware that some articles
and algorithms cited in Ref. 30 (§7.25) (and elsewhere) as
methods for computing the complex error function actually
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compute the Faddeeva function. An exception is Ref. 32,
which provides algorithms and code to compute the complex
error function, the complementary complex error function,
and the Faddeeva function. Although Ref. 35 provides algo-
rithms for the Voigt function, it includes two series approx-
imations for the complex error function, which are found in
Refs. 33 and 34. The erfz function in Ref. 31, which com-
prises three separate algorithms noted in comments in the
code, was used with its default settings to generate results
in the next section.

Two limiting cases of the statistical smear OTF are of
interest. (1) When Xg = 0,,, and s # 0, the statistical
smear OTF becomes the well-known deterministic smear
OTF,17’18

OTFg (&) = sinc(xn€’s), X3 =0, 43)

where sinc(x) = sin(x)/x is the sinus cardinalis (cardinal
sine) function. (2) When s =0 and X5 # 0, we have
r =0 in Eq. (38), and the statistical smear OTF becomes

OTFg(¢) = \;—jerf(q), s=0, (44)

where erf(g) is the real error function. This is the same as the
result obtained in Ref. 24 where p = 0 (s = 0) is assumed at
the outset (and where the motion is 1-D). Equation (44) is the
average of deterministic smear OTFs for images whose
smear lengths are zero-mean Gaussian random variables.
Equations (39)-(41) are the average smear OTF for images
whose smear lengths are nonzero-mean Gaussian random
variables. The relationship between these OTFs are illus-
trated and discussed in Sec. 3.2.

From Egs. (39)—(41), the statistical smear OTF is clearly
not separable in terms of mean smear and dispersion.
Therefore, it is incorrect to model the deterministic and sto-
chastic effects of smear as the product of the deterministic
smear OTF (the sinc function) and the statistical smear
OTF (with s = 0). Furthermore, the two spatial frequency
components of the statistical smear OTF are also not sepa-
rable, so the statistical smear OTF cannot be expressed as the
product of 1-D OTFs in each frequency variable. A coordi-
nate transformation can be applied so that one component of

1.2

1

0.8

0.6}

OTF(®)

0.4}

0.2}

(a) Spatial frequency &, Ip/mm

s is zero. This rotates the graph of OTFg(&) so that one axis is
aligned with the direction of the mean smear. Even in this
coordinate system, OTFg(&) is not separable.

In computing OTF (&), we could have switched the order
of expectation and time averaging,

OTF :l e Ef o—i2nETav (1)1 g
s@ =7/, e } da

— g{l/T/z e~ i2nETav (1) da}
T -1

= E{sinc[z&TTV(1y)]}
= &{sinc[n€Ts(1)]}, 45)

where sinc(x) = (sinx)/x and §(¢g) = T¥(#,) is the random
smear over the exposure interval centered at time #y. The
remainder of the derivation in Eq. (45) is omitted here.

3.1.3 Jitter optical transfer function

The third term in Eq. (33) is the characteristic function
[Ref. 25 (p. 115)] associated with the Gaussian density of
(1), so the jitter OTF is

OTF,(§) = &{e 2w}
= exp(-27°E L) (46)

This is the well-known blur model [Ref. 4 and Eq. (22) in
Ref. 17]. Since the jitter OTF is real, the jitter MTF

3.2 Comparison of Deterministic and Statistical
Smear Optical Transfer Function

The statistical smear OTF is characterized to show how it
behaves as a function of smear and smear dispersion (stan-
dard deviation of smear). For clarity, the characterization is
shown for one frequency axis. Surface plots are also pro-
vided to illustrate the statistical smear OTF in two dimen-
sions of spatial frequency.

Figure 2 shows two plots of the 2-D statistical smear
OTF evaluated for various mean smear s and various smear

1.2

"0 2 4 6 8 10

(b) Spatial frequency &, Ip/mm

Fig. 2 Statistical smear OTF (in one dimension of spatial frequency). (a) Mean smear s = 0.2 mm and
smear dispersion g ranging from 0.02 to 2.0 mm. (b) Smear dispersion 6 = 0.2 mm and mean smear s

ranging from 0.02 to 2.0 mm.
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Fig. 3 Statistical smear OTF in two dimensions of spatial frequency. (a) s, = 0.2, s, =0,
ox = 6, = 0.1 mm. (b) s, = 5, = 0.2, 6, =0.02, 5, = 0.2 mm.

dispersion og along one dimension in frequency. The fre-
quency axis is one-sided since the OTF is an even function.

Figure 2(a) shows the statistical smear OTF for mean
smear s = 0.2 mm and smear dispersion og ranging from
0.02 to 2.0 mm. The OTF converges to the sinc function,
Eq. (43), as o5 — 0, and converges to the statistical smear
OTF, Eq. (44), as s — 0. The curve for 65 = 0 is almost
indistinguishable from the curve for o5 = 0.02 and so is
not shown. An interesting characteristic is that the curves
essentially go up as the dispersion increases until the
dispersion equals the mean smear, and then the curves go
down as the dispersion increases further. The degradation
of the statistical smear OTF is pronounced as the dispersion
increases above the mean smear. The curves begin to look
like the sinc function when the dispersion is less than
about half the mean smear.

Figure 2(b) shows the statistical smear OTF for a smear
dispersion o5 = 0.2 mm and mean smear s ranging from
0.02 to 2.0 mm. The curve for s = 0 is almost indistinguish-
able from the curve for s = 0.02 and so is not shown. The
curves move left and down as the smear increases, again
indicating worsening degradation of the image. The curves
begin to look like the sinc function when the smear is greater
than twice the dispersion, which is consistent with Fig. 2(a).

The statistical smear OTF in two dimensions of
spatial frequency is shown in the contour plots in Fig. 3.

1 T
— — - Statistical, o, = 4
0.8l Deterministic, s =4 ||
0.6 I \ |
w
= ! \
= Il \
0.4 ! \ R
/ \
4 \
L 7/ 4
0.2 - N R
0 .
-2 -1.5 -1 -0.5 0 0.5 1 1.5
(a) Spatial frequency &, Ip/mm

MTF

(A three-dimensional mesh plot is difficult to show clearly,
so it is omitted.) The statistical smear OTF in Fig. 3(a) was
produced with mean smear s, = 0.2, sy = 0 mm and smear
dispersion 6, = 6, = 0.1 mm. Compare with Fig. 2(a).
Although there is smear in the x direction, the average
smear OTF is not a sinc function, although the response is
a sinc function for each realization of smear in each image.
Figure 3(b) was produced with mean smear s, =s, =
0.2 mm and smear dispersion o, =0.02, 6, = 0.2 mm.
Although the mean smear is along a +45 deg line, the
sinc response is along the x axis, and the erf(g)/q response
is essentially along a —45 deg line. Although this may seem
counterintuitive, it is because of the large random smear in
the y axis. Since the statistical smear OTF can change dra-
matically with changes in the parameters, one must be
careful in making any general statements regarding the
smear OTF. Nevertheless, the statistical smear OTF provides
information about OTF performance that is not revealed by
the deterministic smear OTF (the sinc function) for any
choice of smear such as a “worst-case” smear.

In Fig. 4(a), the statistical smear MTF (65 =4, s = 0)
tightly bounds the deterministic smear MTF (o5 = 0, s = 4).
It also bounds the deterministic smear MTF for s < 4, since the
deterministic smear MTF is smaller for longer smear lengths.

The statistical smear and jitter OTF are shown in Fig. 4(b)
for 63 =4 mm, s = 0, and o; = 1 mm. From Eq. (60), the

1 T T
— — — Statistical smear MTF
Jitter MTF
0.8 b
Gy = 4.0 mm
0.6 |
c,=1.0mm
J
041 R
0.2} P |
- - = S~ o
- -1.5 -1 -0.5 0 0.5 1 1.5 2
) Spatial frequency &, Ip/mm

Fig. 4 Comparison of statistical smear OTF with deterministic smear OTF and jitter OTF (one dimension
of spatial frequency). (a) Statistical smear MTF (65 = 4, s = 0) and deterministic smear MTF (65 = 0,
s = 4). (b) Statistical smear and jitter OTF comparison.
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contribution of smear to the root-mean-square (RMS) atti-
tude motion is og/v/12, or 1.15 for 65 = 4. This is only
slightly larger than the jitter in this example. Empirical evi-
dence indicates that image quality tolerates degradation from
smear better than from jitter. The reason for this is because
the statistical smear OTF goes slowly to zero with increasing
spatial frequency, whereas the jitter OTF goes to zero
quickly.

3.3 Statistical Smear Line Spread Function

The deterministic smear LSF is a rectangle (boxcar) function.
The rectangle function is shown in Fig. 5(a) for three values
of smear. The statistical smear LSF describes the average
LSF over an ensemble of random rectangle LSFs whose
widths are random from one image to another. The statistical
smear LSF can be computed as the expected value of the
random rectangle function. Alternatively, the statistical
smear LSF can be obtained by computing the inverse Fourier

Table 1 Summary of image motion OTFs and LSF.

Displacement (deterministic)

OTFp (&) = exp[—i27&" p(to)] Eq. (35)
Smear (statistical)
OTFg(&) = ﬁexp(—rZ)Re[eﬁz(q +ir)] Eq. (39)

2q
(2T)?ETErE = 37°E  Es&
£p)? _ (£7s)?
= 2eTEaE  2eTEe Egs. (40) and (41)
Smear (statistical, s = 0)

NG

=1 Egs. (40) and (41)
_(

r2

OTFs(¢) = ?qerf(q) Eq. (44)
Smear LSF (deterministic, 5 = 0)
OTFg(&) = sinc(#&7s) Eq. (43)
Jitter (statistical)
OTF,(§) = exp(—27%¢7%,¢) Eq. (46)
Smear LSF (statistical, s = 0)
1
LSFg(x) = ——{-Ei[-2(x 2 Eq. (47
s(x) ﬁs\/z—ﬂ{ [-2(x/os)?]} a. (47)
1 =
0.8}
s=1.0
— 06
x
L i e _—
[}
- 1 1
0.4r | 1 §=20
1 1
0.2F !‘_‘_‘_‘T‘_‘_‘_‘_‘_'_‘_' ‘‘‘‘‘‘‘ !
! : : I §=4.0
0 ! iy ‘ L !
-3 -2 -1 0 1 2
(a) Spatial distance, x

transform of the statistical smear OTF, Eq. (39). The com-
putation is facilitated by substituting Eq. (36) for the inte-
grand in Eq. (38), and then switching the order of
integration and inverse Fourier transform, and by assuming
that the random smear rate is Gaussian. The derivation is
lengthy by either method, so details are omitted. We have
derived the statistical smear LSF in one dimension for
zero-mean Gaussian smear. The 1-D statistical smear LSF
for zero-mean smear is

1 [o e
LSFg(x) = —d
S( ) o5V 2r L(x/as)z y Y

{~Ei[-2(x/05)]}.

1
47
oov2n (47)

where x is the spatial distance in the image, oy is the smear
dispersion, and Ei(u) is the exponential integral function.

The statistical smear LSF is shown in Fig. 5(b) for values
of og from 0.2 to 2.0 mm. In comparison, the deterministic
smear LSF for smear s is a rectangle function of width s and
amplitude 1/s (a Dirac delta function for s = 0). The stat-
istical smear LSF has the required property that it has
unit area, as does the deterministic smear LSF.

Gaussian random smears are concentrated around the
mean, which is zero in Eq. (47); hence LSFg(x) is large
there, and LSFg(x) — oo as x — 0. Large smears are infre-
quent, so LSFg(x) — 0 as x - fo0. The LSFg(x) broadens
but becomes thinner near x = 0 as og increases. For small o,
LSFg(x) is concentrated near x = 0 and becomes a delta
function [similar to the Dirac delta function §(x)] as 65 — O.
As can be seen in Eq. (47), oy scales the graph [Fig. 5(b)] of
LSFs(x) in both axes.

4 Pointing Covariance

The OTFs for displacement, smear rate, smear, and jitter in
Table 1 are parameterized with means p (mean displace-
ment), p (mean smear rate), s (mean smear), and covariances
2, (displacement covariance), Xr (Smear rate covariance),
25 (smear covariance), and X; (jitter covariance) in
Egs. (13)-(19). These are derived in Appendices B, C,
and E. Covariance matrices for other performance metrics
are also derived. These are the covariances X, Xgj, Zps,
and XZywg of the relative pointing motion, smitter (the sum
of smear and jitter), point-to-point stability (the relative
motion at points in time separated by T seconds), and

’ a
|l Og = 0.2
,| - = = 0Og= 0.5
150 ab s = 2011
'| og= 5.0
X
. |
-
0.5f E
.,ﬂ"
ol = 7 . L
-2 -15 -1 -0.5 0 1 1.5 2
(b) Spatial distance, x

Fig. 5 Random and statistical (average) smear LSF. (a) Samples of random smear LSFs. (b) Statistical

smear LSF.
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windowed stability (displacements separated by T seconds).
These are defined in Appendices A, F, G, and H and dis-
cussed further in Sec. 4.1.

Although the covariance matrices can be computed
directly from sampled motion data, that approach is compu-
tationally intensive and does not reveal what spectral content
of the pointing motion contributes significantly to the covari-
ance matrices, hence to the image motion OTF. The spectral
content can also reveal which sources of relative pointing
motion contribute most significantly to the covariance matri-
ces and to the image motion OTFs. The basic idea'®? is to
compute the PSD S(w) from the autocorrelation R(z) of the
relative pointing motion p(z). Expressions for the covarian-
ces in terms of the PSD are derived in Appendices A—H.

We assume only that p(¢) is wide sense stationary during
the exposure intervals. We can ignore pointing motion
between exposure intervals that is not characteristic of the
motion during the exposures (e.g., a slew between exposures).
Any average displacement and trend over the ensemble of
images should be removed so that a valid autocorrelation
and PSD are computed. After subtracting the overall trend,
the trend in each exposure can vary but average to zero over
the ensemble. The average displacement and trend are added
back into p and s (or p) before computing the OTFs.

The autocorrelation of p(z) is the matrix

(R Ry(0)
R(z) = [Ryxm Rym)]
=E{p(t)p” (1 —1)}
=E{p(t +a)p"(t + p)}, (48)

where 7 = @ — . The Wiener—Kinchin theorem states that
the PSD of p(z) is the Fourier transform of the autocorrela-
tion function R(z) of p(z),

Sxx(w) Sxy(w> :|
S(@) S, (@)

- / " R(r)eidr. (49)

s() = |

From the inverse Fourier transform, we obtain the auto-
correlation in terms of the PSD,

R(7) = % /_ " S(w)el* do. (50)

Since p(¢) is real, R(z) is real and even, S(®) is real and
even, and we can write Eq. (50) as

R(7) = %/_w S(w) cos(wr) dw, (51

and similarly for Eq. (49).

The PSD and autocorrelation are used in the Appendices
to derive expressions for the covariance matrices X5, Xp, Zg,
g, Xy, Xpg, and Xws. The covariances are computed from
expressions of the form

1 ©

where the subscript X is one of A, D, R, S, J, SJ, WS, and PS.
The Wx(@T) in Eq. (52) are frequency domain weighting
functions, which are derived in the Appendices and summa-
rized in Table 2. The means my are also defined in Table 2.

The covariance of the pointing motion is derived in
Appendix A, Eq. (60) and is given by

TZ
ZA :ED+EZR+ZJ

1
== ED+EES +EJ

Similarly, the displacement, smear, and jitter weighting func-
tions in Table 2 are such that

1
WA:WD+EWS+WJ:L

Smitter is the sum of smear and jitter, or equivalently the
pointing motion with the displacement removed. The smitter
covariance in Table 2 is the jitter covariance defined in pre-
vious works,'”? and is not used to compute the image
motion MTFs in Table 1.

Table 2 Summary of covariances and corresponding frequency domain weighting functions.

Pointing measure Mean Covariance Weighting function Equations
Accuracy 0 Za Wp(wT) =1 Eq. (59)
Displacement n p Wp(@T) = sinc®(wT/2) = {%;2/2)]2 Eq. (63)
Smear rate p Tr Wr(wT) = {% [sinc(wT/2) — cos(wT/2)]}2 Eq. (66)
Smear s=Tp g = T?Zg Ws(oT) = TPWg(wT) Eqg. (68)
Jitter 0 5, Wy(@T) =1- Wp(wT) - I2 Wa(wT) Eq. (76)

=1 Wp(T)-{5Ws(wT) Eq. (76)
Smitter 0 sy Wsy(@T)=1- Wp(wT) Eq. (84)
Point-to-point stability 0 Zps Wps(@Ts) = 2[1 —cos(wT)] = 4sin®(wT/2) Eq. (88)
Windowed stability 0 Tws Wws(@T,oTs) = Wp(@T)Wps(wTs) Eq. (93)
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Fig. 6 Displacement, smear, jitter, and smitter weighting functions
(T=1).

4.1 Weighting Functions

The displacement, smear, jitter, and smitter weighting func-
tions in Table 2 are plotted in Fig. 6 with 7' = 1 second. It
can be seen that the frequency content of the pointing con-
tributes to the covariances, hence the OTFs, over certain
ranges of frequency. The displacement weighting function
is lowpass, so low-frequency pointing motion contributes
to the displacement. The smear weighting function peaks
at 0.7 Hz and is zero at 0 and 1.4 Hz, and exhibits smaller
peaks at higher frequencies. The smear weighting function is
essentially bandpass, so pointing motion over a certain range
of frequencies contributes significantly to smear. The jitter

\
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IN

-~ N ©
- 0N U w W’

Point-to—point stability weighting

o
o

Fig. 7 Point-to-point stability weighting Wes(«T) (T = 1).
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Fig. 8 Windowed stability weighting Wys(oT,»Tg). (@) T=1, Ts=1.
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weighting function is highpass. Large-amplitude pointing
motion can be significant at frequencies where the weighting
function is small. The displacement, smear, and jitter weight-
ing functions overlap, and so the spectral content of the
image motion at any frequency contributes to all three mea-
sures of image motion. The contribution of the pointing
motion to displacement, smear, and jitter depends on the
PSD of the pointing motion as well as the weighting func-
tions, so there are no arbitrary frequency regions associated
with displacement, smear, and jitter.

The point-to-point stability covariance Xpg measures the
change in pointing from one instant to another. The stability
weighting function Wpg with T, =1 second, shown in
Fig. 7, is a minimum at 0,1,2,... Hz and a maximum at
0.5,1.5,2.5,... Hz, so frequencies above 1/T, contribute to
the point-to-point stability. Point-to-point stability is called
stability in Refs. 21 and 22. The point-to-point stability metric
for spatial data accuracy of line scan data®® can be computed
more efficiently by our method. However, the displacement,
smear, and jitter metrics may be more appropriate.

The windowed stability covariance Xywg measures the
change in displacement from one image to another. The win-
dowed stability weighting function Wyg has two time
parameters, the exposure time 7 and the time 7'y between
image center times. The windowed stability weighting func-
tion is plotted in Fig. 8(a) with 7 = 1 and Ty = 1. It is essen-
tially a bandpass function and goes to zero at low and high
frequencies for any choice of T and T,. The windowed
stability weighting function looks significantly different
for various T and T, as exemplified by Fig. 8(b) where
T =1 and T, = 4. Windowed stability is useful in image
registration and to specify or evaluate performance for a
frame-differencing camera.

4.2 Computation of the Power Spectrum and
Covariances

A pointing performance analysis will typically produce both
time-domain and frequency-domain data. Time-domain data
is typically obtained from a time-domain simulator, and fre-
quency-domain data is typically obtained from transfer func-
tions driven by harmonic or white noise. Although the mean
and covariance of displacement, smear, and jitter can be
computed in either the time domain or in the frequency
domain, their computation is most conveniently and effi-
ciently performed in the frequency domain.
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The main tool for computing the pointing covariances
from uniformly sampled data is the FFT. The FFT of the
sampled pointing motion p, = p(#) is scaled to a power
spectrum (not a density) by dividing it by M and then com-
puting its magnitude squared, where M is the number of sam-
ples of data and is assumed to be a power of two, M = 2".
(This assumption can be relaxed.) The power spectrum is
then shifted (FFTSHIFT in Table 3) so that the zero fre-
quency line is at the center. The frequencies range from
—(M/2)/MS to (M/2—-1)/MS Hz in increments of
1/M6& Hz, where § is the sample interval in seconds. Note
that the sum of the discrete power spectrum is equal to
the second moment of the time-domain data,

M/2-1 1 M-l
> Plo) =5 pip}- (53)
i=—M/2 k=0

This serves as a useful check that the power spectrum is
scaled correctly. The mean of p, should be subtracted out
so that the computed accuracy and displacement covariances
do not include the overall mean pointing motion.

Since the power spectrum does not converge to the true
spectrum with increasing M, the data should be segmented
and the power spectra of the segments should be averaged.
Alternatively, the power spectrum can be computed from the
biased, and possibly windowed, sample correlation function
R(?) of pi. A detailed discussion of computation of the
power spectrum is beyond the scope of this paper; the reader
is referred to Ref. 36 or one of many books on spectral
analysis.

In the frequency domain, the pointing covariances are
evaluated by computing the weighting functions at each fre-
quency point, multiplying by the power spectrum of the
pointing motion at each frequency, and then summing the
terms. This computational algorithm is summarized in
Table 3. The power spectrum can be computed using only
non-negative frequencies, but the zero-frequency term is
multiplied by one and the positive-frequency terms multiplied
by two in the summation. Once the power spectrum is com-
puted, the covariance matrix Xy corresponding to one of the
weighting functions Wy (wT) in Table 2 is easily computed.

4.3 Pointing Covariance from Relative Motion
Covariance

In Sec. 4.2, the pointing motion is computed from the relative
translation X(#) and relative attitude 0(¢) (a small-angle rep-
resentation) by using the camera model in Eq. (1). The 2 X 2
power spectrum and covariance matrices are then computed
from the pointing motion p(z).

An alternative approach is to first compute the 3 X3
power spectrum Sy of the relative translation and the
3 x 3 power spectrum Sy of the relative attitude motion.
At this point, there are two paths to compute the covariances
matrices. One path is to apply sensitivity matrices to map the
power spectra of the relative motions into the power spec-
trum of the pointing vector by

where the 2 X 3 sensitivity matrices Cx and Cy are

de de

Cx = —r . b =—r| .
X7 |y, o, 07 |y o,

(55)

The 3 x 1 vectors X, and (g are the nominal relative trans-
lation and attitude, and c is the camera model in Eq. (1). The
covariance matrices are then computed from the power spec-
trum S(w) in Eq. (54). This approach is computationally
intensive because the mapping matrices have to be applied
to each frequency component of the power spectra. Further-
more, the attitude motion may be simulated at a higher sam-
ple rate than the translational motion due to typically higher
spectral bandwidth of the attitude motion.

A computationally more efficient path is to compute the
3 x 3 covariance matrices Xy and Xy corresponding to
Sx(w) and Sy(w) by using the formulas in Table 2. These
covariance matrices are then mapped into the pointing cova-
riances by an equation of the form

T = CxExCL 4 CoZoCL. (56)

This may be the preferred approach, since the control system
designer will simulate the relative translation and attitude
motions but may not have details of the camera model. In
addition, image motion on multiple focal planes can be
evaluated from the same set of power spectra and covariance
matrices by applying multiple mapping matrices. Another

Table 3 Summary of calculations for the power spectrum of pointing motion.

Equation

Description

M=2n
® = 21[-M/2:1:M/2 — 1]/ M5

P(w) = |FFTSHIFT[FFT(p, M)]/M|?
M/2-1

Ix = Y P(@)Wx(oT)
i=-ny2

M=1—¢
RKZM Z PkPiir 0SC<M-1
k=0

P(®) = FFTSHIFT(FFT(R, N))/N, N —=2M + 1

length of data record
frequency range (rad/ sec), 5§ = sample time (sec)

power spectrum of p(t), 0 <k <M -1

Wy denotes one of the weighting functions

biased sample autocorrelation of p(ty)

power spectrum from the biased autocorrelation
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Fig. 9 Pointing simulation and analysis.

advantage of this approach is that the contribution of the
relative translation and relative attitude motions to the dis-
placement, smear, and jitter can be evaluated. An optical sen-
sitivity matrix for the James Webb space telescope (JWST),
formerly called the next generation space telescope, is pre-
sented in Refs. 37 and 38.

4.4 Pointing Performance Analysis

Figure 9 shows the pointing control system for an optical
payload on an imaging vehicle. In the case of a spacecraft,
the system model comprises models of attitude sensors,
actuators, fuel slosh, a solar array drive, internal disturb-
ances, and the optical system, all connected to appropriate
nodes of a reduced-order Nastran model comprising rigid-
body and flexible-body modes and mode shapes. The control
loop is closed through the attitude controller. The attitude
command reference input is a disturbance since it can excite
structural and slosh modes, and the command itself may be
subject to error (e.g., scan rate error or tracking rate error).
Similar integrated modeling approaches are found in
Refs. 38-43. An overview of modeling and analysis is
given in Ref. 44.

As suggested in Ref. 19 (pp. 21-22) and Ref. 20 (pp. 573—
574), the weighting functions can be approximated by linear
transfer functions for use in control system analysis and syn-
thesis. Standard state-space methods can then be applied to
calculate the covariance matrices. A state-space solution that
avoids having to compute the weighted FFT is presented in
Refs. 45 and 46 but would have to be modified for our model
of pointing motion to include smear and a different jitter
weighting function.

Analysis of pointing performance is often faster and
numerically more reliable (due to time scales) if the system
response to disturbances is computed directly in the fre-
quency domain from a linear or linearized closed-loop trans-
fer function rather than in the time domain from a simulator.
A time domain simulator can of course capture nonlinear
and time-varying effects. The response of a system to
high-frequency noise and disturbance is most accurately
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and efficiently computed in the frequency domain. For sto-
chastic sources, the power spectrum can be computed
directly by using standard state-space covariance methods.
Once the power spectrum S(w) of p(¢) is computed, it is
a trivial effort to compute the covariances, as discussed in
Sec. 4.2. Segments of the pointing motion pertaining to non-
imaging attitude motions have to be eliminated if they are not
representative of the motion during the exposure interval.

In a linear or linearized system, the covariance of the
pointing motion from individual noise, disturbance, and
other sources can be computed individually and added to
obtain the total pointing covariance. The individual contribu-
tions can then be ranked so that the greatest offenders can
be identified. The power spectrum may be computed as a
combination of a system frequency response, an FFT of
the autocorrelation of time-series data, discrete spectral
lines due to harmonic disturbance sources, and stochastic
sources such as sensor noise. The pointing motion from
each source can be computed at different sample rates or fre-
quency resolutions, though the sample rate should be high
enough and frequency resolution small enough to accurately
represent the high-frequency responses of the system and so
that numerical errors in the computed covariance matrices
are not significant. Similarly, time-domain data from differ-
ent simulations do not have to be resampled to a common
sample rate.

5 Conclusion

Two-dimensional statistical image motion OTFs for dis-
placement, smear, and jitter components of image motion
are derived. The LSF for zero-mean random smear is also
derived. The statistical smear OTF measures the average
optical system performance for an ensemble of images sub-
ject to nonzero mean Gaussian random smear. In compari-
son, the deterministic (sinc function) smear OTF measures
performance for a specified smear length. The familiar
Gaussian jitter OTF is also a statistical OTF.

Limiting cases for the statistical smear OTF are given:
(1) fixed nonzero mean smear and diminishing smear
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dispersion, and (2) diminishing mean smear and fixed non-
zero smear dispersion. In the first case, the statistical smear
OTF converges to a sinc function (the well-known determin-
istic smear OTF), and in the second case it converges to the
Vvmerf(gq)/2q function. The statistical smear OTF begins
to resemble the sinc function when the mean smear exceeds
about twice the dispersion in the smear. For equal RMS atti-
tude motion due to zero-mean random smear and jitter,
the statistical smear OTF is greater than the jitter OTF at
higher spatial frequencies. This corroborates the empirical
observation that optical systems tolerate smear better than
jitter.

The statistical OTFs are parameterized by means and
covariances of the displacement, smear, and jitter compo-
nents of pointing motion, with spatial frequency as the inde-
pendent variable. The covariances are computed accurately
and efficiently from a temporal-frequency-weighted power
spectrum of the LOS pointing motion. The weighting func-
tions are parameterized with only the exposure time.
Essentially, the displacement weighting function is low
pass, the smear weighting function is bandpass, and the jit-
ter weighting function is highpass. These frequency regions
overlap, so the spectral content of the image motion at any
frequency contributes to all three measures of image
motion; therefore, there are no arbitrary frequency regions
associated with displacement, smear, and jitter. By exam-
ining the weighted power spectrum, a control system engi-
neer can determine the temporal frequencies where the
sensitivity of the OTFs to pointing motion is greatest.
The control system design engineer can then focus on
the most significant disturbance sources or frequencies,
which can lead directly to improvements in the design of
the pointing control system and in the design of the optical
system. Because covariances are additive, individual dis-
turbance sources can be analyzed to determine their rela-
tive contributions to the displacement, smear, and jitter
OTFs. The weighting functions can also be used in control
system synthesis to optimize a controller. The statistical
OTFs and the method for determining their parameters
are a basis for integrated modeling and multidisciplinary
analysis and simulation.

In addition to the image motion OTFs and their associ-
ated means, covariances, and weighting functions, point-
to-point stability and windowed stability are defined and
formulas for the corresponding covariance matrices are
derived. Point-to-point stability measures the change in
pointing from one instant of time to another. Windowed sta-
bility measures the change in displacement from one image
to the next.

Appendix A: Pointing Covariance

The pointing (accuracy) covariance X, is the covariance of
p(#) and is computed from

T, 4’ = R(0) = - / " S(w) do. (57)

2r J_

For consistency with other measures of pointing motion,
we write the integral as
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1 0
T / S() W (oT) do, (58)
where
Wa(oT) = 1. 59)

is the accuracy weighting function. From Eq. (43) and
Eq. (74) we have

2

T
TA=Ep 5k + 5

1
—ZD—|—1225+EJ (60)

The (1/12)Xg term is the contribution to pointing covariance
from the smear component of pointing motion.

Appendix B: Displacement Covariance

The displacement and displacement variance were origi-
nally derived in Refs. 19 and 20. We have written the def-
inition of the displacement in a different but equivalent
form in Eq. (8), so it is instructive to rederive the displace-
ment covariance using our definition of the displacement.
The steps involved are similar to those in Refs. 19 and
20. From Egs. (8) and (50), we obtain the displacement
covariance,

Zp+up’ =E{p()p" (1)}
gL 1 (T2
_5{T/_T/2p(t+a)daT/_T/2p (1 +)ap)}

1 /121 [T/2
-/ E{p(i+ 0" (1))} dadp
T/2 T -7/2

/2 1 T/2
/ / p)dadp
2T J-1)2
/T/21/T/2 1/
T/2T 7/227
1 (72
S 10} 7/ el do— / e
27T —o0 ( )T -T/2 T J-rp

:L/WS(w)sincz(a)T/Z) do. (61)
27 | —so

w)e’® @) dew dadp

—jf dBdew

Since the pointing error is assumed to be a wide sense
stationary process, the autocorrelation is independent of
t, and so the displacement metric is valid for all #y. The dis-
placement covariance can be written as

Ip+ppl = —/ @)Wy (oT) dw (62)
where
Wp(wT) = sinc?(wT/2) = (%)2 (63)

is the displacement weighting function.
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Appendix C: Smear and Smear Rate
Covariance
The smear rate covariance is obtained by substituting the

smear rate from Eq. (11) into Eq. (48) and then by using
Eq. (50), whence

I +pp" = E{V(10)V (10)}

12 [1/2 12 [1/2
= 5{?/ p(ty + a)a daﬁ/ p’
-T/2 -T/2

(to +B)p dﬁ}

12 [T/212 [T/2
_2 / 7 [ Etmt s ap o+ papdads
T 7/2 T
12 [T/212 [T/2
= — a dad
T3 /—T/Z T3 /T/z pdadp

12 [7/212 [T/2 1
[ jma—ﬁ d dad
T3 J_1p &l /T/z 27[/ )e @ af dadf
1 o0 T/2 12 )
E S eJw d —joB 48 d
27 J - @ )T3 /—T/za “ T/zﬂe fdo

(64)

Since the pointing error is assumed to be a wide sense
stationary process, the autocorrelation is independent of ¢,
and so the smear rate metric is valid for all #y. The smear rate
covariance can be written as

Tt ppl = % / " S(0)Wg (@) do, (65)
where

12 . 2
Wr(oT) = {m [sinc(wT/2) — cos(a)T/2)]} (66)

is the smear rate weighting function.
The smear was defined as s = T'p, where p is the average
smear rate. The smear covariance Xg is given by

ES - TZER, (67)

and the corresponding smear weighting function is

Appendix D: Correlation of Displacement and
Smear Rate

Here, we show that E{p(t,)¥’ (t)} = 0. This result is used
in the derivation of Eq. (72):
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E{P(10)¥" (20)}
1 (112 12 (12
oy —/ p(to + @)ada 3/ (t0+ﬂ)/)’dﬂ}
T -T/2 T T/2
1 (1212 [T/
=5 [ [ tnto + a7+ p)paady
T /) rpT
1 (1212 r/z
= / / p)Bdadp
T )_rppT? Jorp
1 [1212 (12 1
=_ / = / / w)el®*P) dwp da dp
T /) T T/227T
" S(w eioadat [ gemion apd
— = w
27 J_o T3 ) T ) 1)
1 0

12T
=5 _OOS( )F—smc(a)Tﬂ)

- [sinc(@wT/2) — cos(wT /2)] dw. (69)

The integrand is an odd function in w, so the integral is zero.
The integrand is also purely imaginary, but the left side of the
equation is real, so the integral evaluates to zero.

Appendix E: Jitter Covariance
The mean-square jitter over the interval Z(zy) is given by

1) =7 [ bty + @liwln + @) 0)

The jitter covariance is the expected value of the average
square jitter over Z(ty):

5 =0} =5 [ elhwti + @llwlo + @)y de

(71)

Since y (7 + @) is zero mean, as a result of the least-squares
minimization, we will omit the means p and p from the der-
ivation, since they will drop out. We will also use the fact that
E{p(ty)¥(ty)} = 0, which is shown in Appendix D. Now
substitute for (7y + a) from Eq. (4) and carry out the
expectation using the definitions of X, Xp, and Zi:

1 T/2
5= / [Ep + Bp + ?Zg — E{p(ty + @)p” (1)
)

+(t0)p" (to + @)} + ap(to + a)¥" (1)
+ av(1)p” (tg + @)} + P(20)¥" (£9) + ¥(20)D" (10) }] dax

T? 1 [T/ .
=X\ +Xp+ EER - 5{?/ [p(to + a)p’ (1)

)
+ p(10)p” (10 + @) + ap(ty + )V (19)

T aT(to)B (fo + @) + (1) ¥ (10) + (1) <>]da}

T2 T2
=2A+2D+EER—2[ED+122R+0] (72)
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Finally we have an expression for the jitter covariance,

T2
ZJ = ZA - ED —EER (73)

Substitute from Eq. (14) to write the jitter covariance
as

1
EJ :EA—ZD—Ezs. (74)

Now substitute Egs. (58), (59), (62), (63), (65), (66), (67),
and (68) into Eq. (74) to obtain the jitter covariance in terms
of S(w):

L [ S(o)Wy(oT) do, (75)

Xy =—
"o o

where

T2
Wy(wT) =1 - Wp(eT) — EWR(wT)

1

Appendix F: Smitter Covariance
Jitter was formerly defined in Refs. 20-22 as

O(1) =p(1) =p(t) 1€ (1), amn

or equivalently

(1o + @) = p(ty + a) = p(ty) a€[-T/2,T/2]. (78)

It is easy to show that p(#,) can be obtained from the least-
squares minimization of

ty0) =7 [ 0+ 1700y + ) d
=7 [ Bl + @) = Bl ol + ) = Bl o

(79)

which yields the same expression for p(f,) as in Eq. (8).
From Eq. (78) and Eq. (3), we have

(1o + @) = p(ty + a) — p(ty)

=av(fy) +w(ty+a) a€[-T/2,T/2]. (80)

Thus, the former jitter defined in Refs. 20-22 is the sum
of smear and jitter, which is termed ‘“smitter.” Because
smear and jitter affect the image motion OTF differently,
the former definition of jitter is less useful than the present
definition.
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The mean square smitter over the interval Z(f) is

) =7 [ bt + @)t + ) da @)

The smitter covariance is
gy = E{Jp(10) }

- %/: E{[d(to + a)][d(to + @)]" } da

=Xy - 2p
TZ
Bt (82)

The smitter covariance Xg; in Eq. (82) is analogous to the
jitter variance defined in Refs. 20-22.

Substitute Egs. (58), (59), (62), and (63) into Eq. (82) to
obtain the smitter covariance in terms of the PSD S(w):

1 ©
ZSJ = Elm S(CU)WSJ(CUT) da), (83)
where
Wy (@T) = 1 — Wp(aT). (84)

Appendix G: Point-to-Point Stability
Covariance

The change in the LOS pointing over an interval of length T
is given by

Ar (1) =p(t) —p(t-T,). (85)

The point-to-point stability covariance measures the mean
square change in pointing from one instant to another and is
given by the second order structure function

Zps = E{[p(t) —p(t = T,)][p(r) = p(t = T,)]"}

= 2[R(0) = R(T)]. (86)
These equations suggest two ways of computing X3 in the
time domain, either by a time average or by way of autocor-
relation. In the frequency domain, the point-to-point stability

covariance is obtained by substituting Eq. (50) or Eq. (51)
into Eq. (71):

1
Ypg = —
PS =52

/°° S(0)2(1 - e/T) dw
1 oo
1 / S(@)2[1 = cos(T,)] dw
27 J_o
1 o0
— 5 [ S@Wis(or,) do, (87)
27 )
where Wpg(wTy) is the stability weighting function

Wps(0T ;) = 2[1 — cos(wT,)] = 4sin®(wT,/2). (88)
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An obvious characteristic of the stability weighting function
Wps (T ) is that it does not roll off at high frequency. This is
because p(¢) and p(r — T,) are at instantaneous points in
time. A useful fact is that Wpg (0T ) < 4, s0 Xpg(T) < 4%,
and in fact Xpg(T';) < 4Z,. Therefore, if 4%, is less than the
stability requirement, no further analysis of stability is
needed. These statements hold if the trace is applied to
each side of the inequality. (For matrices A and B, A < B
means B — A has non-negative eigenvalues.)

Appendix H: Windowed Stability Covariance

There may be a requirement on the change in displacement
of one image compared with a subsequent image. The
change in displacement over an interval of length T is
given by

Ar (1) =p(t) —p(t—T,). (89)

The windowed stability covariance measures the mean
square change in displacement given by the second order
structure function

Zws = E{[p(t) = p(t = T,)][p(t) = p(t = T,)]"}
=2[R;(0) — Rp(7,)]. (90)

The autocorrelation Ry(T) = E{p(1)p” (1 —T)} of p(¢) is
most easily obtained from the inverse Fourier transform of
the PSD of p(¢),

1

R; =—
2z

5(T) /_ " S(0)Wp(wT)ei" dw. o1)

Substituting Eq. (91) into Eq. (90) yields the windowed sta-
bility covariance

1 o0 .
Zos = 5- / S(a) W (@T)2(1 — /o7 doo

_ % _: S(w)Wp(@T)2[1 = cos(wT,)] dw

3z | S@)W(aT)Wes(oT,) do

- " s@)Wo(@l)Wys(@T.oT.)do.  ©2)
where
Wyws(oT, oT,) = Wp(oT)Wps(wT ) 93)

is the windowed stability weighting function. The windowed
stability weighting function is shown in Fig. 8. The presence
of Wp(w) in Eq. (93) causes the weighting to go to zero as
the frequency increases.
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