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ABSTRACT   

We discuss the use of pairs of optical masks for setting tunable optical focalizers and for implementing controllable 

absorption masks. For phase-only masks, one element of a given pair has a complex amplitude transmittance that is equal 

to the complex conjugate of the other element. For the absorption masks, we use a suitable attenuation offset. Then, from 

the attenuation offset value, one element has the opposite absorption profile that the other element. These methods are 

useful for generating varifocal lenses, governable prisms, tunable axicons, controllable axilenses, for tuning field depth, 

and for controlling Super Gaussian beams. 

Keywords: Tunable Prisms and Lenses, Governable Field Depth, Controllable Diffraction Efficiency, Optical Deflectors, 

Tunable Spherical Aberration, Beam Shapers, and Switchable Attenuation Coefficients. 

1. INTRODUCTION  

There are several competing technologies for implementing varifocal lenses; as well as for producing phase-only masks 

with governable diffraction efficiencies.  Some of the previous technologies can conveniently be applied to the generation 

of tunable absorption masks. In Table 1, we show a roadmap of our current contribution. 

 

Tunable capabilities: Optical Path Differences Diffraction Efficiencies Attenuation Coefficient 

Phase – only Prisms, Axicons, Lenses Gratings and Zone Plates --- 

Amplitude – only --- Zero Order Devices 
Gaussians Beams 

and Super Gaussians 

 

Table 1. Roadmap of the use of conjugate optical pairs. 

 

In Table 1, along the first line, we describe the capability of a given pair of elements for controlling: the optical path 

differences, or the diffraction efficiencies, or the attenuation coefficient, respectively. Along line 2, we indicated that 

phase-only pairs are useful for implementing tunable prisms, axicons and lenses; as well as for controlling the diffraction 

efficiencies of 1-D sinusoidal phase gratings and of 2-D, radially symmetric, sinusoidal zone plates. And along line 3, 

we indicate that amplitude pairs are useful for controlling the damping factor of absorption masks, with a specific 

attenuation profile. 

In section 2, we discuss the use of conjugated phase pairs for controlling, either by an in-plane displacement or by an in-

plane rotation, the optical path difference. In section 3, we illustrate the previous result for setting a large family of 

focalizers; and for tuning field depth without modifying the size of the pupil aperture. Then, in section 4, we show that 

the same method helps for tuning the diffraction efficiency of deflectors, in the form of 1-D sinusoidal phase gratings 

and of sinusoidal phase zone plates. Next, in section 5, we discuss the use of an offset attenuation value for proposing 

masks that have complementary absorption variations, with respect to an offset value. Both types of pairs may be useful 

for implementing nonconventional apodizers. Finally, in section 6, we summarize our contribution. 
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2. TUNING OPTICAL PATH DIFFERENCE: PHASE CONJUGATED PAIRS  

In Figure 1, we depict the use of two transparent optical elements, each of them with a cubic phase profile, for 

implementing a lens with tunable optical power, as proposed simultaneously by Lohmann [1-3] and by Alvarez [4]. 

 

 

Figure 1. Optical arrangement of two phase conjugated masks, with cubic phase profile, for implementing a lens with 

tunable optical power. 

The working principle for setting varifocal lenses, by employing a pair of transparent optical masks, is here denoted as 

the use of phase conjugate pairs. This working principle can be expressed in terms of the calculus of differences, as 

follows [5]. For the first optical element, the 1-D complex amplitude transmittance is 

 

 T1(x) = exp [ i 2  p (x) ].       (1) 

 

In Eq.(1) the lower case letter p denotes the optical path difference. And the Greek letter  represents the 1-D phase 

profile function. For the second optical element, of the pair, the complex amplitude transmittance is 

 

T2(x) = T1*(x) = exp [ - i 2  p (x) ].      (2) 

 

Eq.(2) defines the phase conjugate mask. Now, if one uses the two above elements in close contact, and after one 

introduces an in-plane lateral displacement, between the two elements (say by a distance y), the overall amplitude 

transmittance is  

 

T(x; y) = T1(x + y/2) T1*(x - y/2) = exp{ i 2  p [ ( x + y/2) - ( x - y/2)] }.    (3) 

 

In a first order approximation, Eq.(3) can be written as 

 

T(x; y) = exp [ i 2  ( 2 p y) ( x )].       (4) 

 

In Eq.(4) the first difference of  the function ( x ) is denote as ( x ). For some examples, as in the case for the Lohmann 

– Alvarez lenses, the first order approximation is an exact expression. See reference [5] for other examples. It is apparent 

from Eq.(4) that one can control the optical path difference, of the overall complex amplitude transmittance, only by 

introducing an in-plane lateral displacement. 

Inspired by Lohmann contribution to varifocal optics [6], as well as by Dyson grating descriptions [7] and Bryngdahl 

contribution to nonconventional interferograms [8], some of us proposed the use of a pair of helical phase masks for 
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generating a large family set of refractive focalizers [9-11].  For diffractive focalizers see the work of Bernet et al. [12] 

and that Grewe et al. [13, 14]. 

We have noted that with radial polar coordinate r, and for practically any radial function R(r), it is convenient to generate 

(as a first phase element of a pair) the complex amplitude transmittance 

 

T1(r,) = exp[ i 2  p R(r) ( /2 ) ].      (5) 

 

In Eq.(5) we denote as  the polar angle, which is trivially contained inside the interval (0, 2). The second element, of 

the phase conjugated pair, has the following complex amplitude transmittance 

 

T2(r,) = T1*(r,) = exp[ - i 2  p R(r) ( /2 ) ].    (6) 

 

Eq.(6) defines the phase conjugate mask. 

 

 

Figure 2. Optical arrangement of two helical phase conjugated masks, for implementing a lens with tunable optical 

power. 

 

Now, as depicted in Figure 2, if one uses the two above elements in close contact, and after one introduces an in-plane 

rotation between the two elements (say by an angle ), the overall amplitude transmittance is  

 

T(r, ) = T1(r,  +  /2) T1*(r,  +  /2) = exp[ i 2  ( p  /2 ) R(r) ].     (7) 

 

It is clear from Eq.(7) that by introducing an in-plane rotation, between the elements of the pair, one can tune the optical 

path difference of almost any radially symmetric phase profile. In what follows we discuss some examples, including the 

generation of wave front aberrations. 

3. TUNABLE OPTICAL FOCALIZERS  

The axicon is the classical circularly symmetric, refractive element that is able to concentrate the irradiance distribution 

along the optical axis [15]. In Figure 3, we display the interferogram of a lens and that of an axicon, as well as the 

interferograms associated to the helical versions of a lens and of an axicon.  

There are other optical elements that have a similar behavior to that of an axicon, one of them is known as the axilens 

[16-18], and other variation incorporates purposely spherical aberration [19]. For this latter case, the overall complex 

amplitude transmittance in Eq.(7) becomes 
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T(r; ) = exp[ i 2  ( p  /2 ) (r /L) 4 ].circ(r/L).       (8) 

 

 

Figure 3. Interferograms of 2-D phase distributions that have linear variation in r. However, in (a) the phase variation 

is independent of the polar angle, and in (b) the phase distribution also varies linearly with the polar angle. 

 

In Eq.(8) the upper case letter L denotes the radius of the pupil aperture encircling the lens. But now the optical path 

difference is proportional to the aberration coefficient for primary spherical aberration, W4,0 , that is 

 

p = ( W4,0 /  ).         (9) 

 

In Eq.(9) the Greek letter lambda stands for the wavelength of the optical radiation. By substituting Eq.(9) in Eq.(8) we 

have that the overall complex amplitude transmittance is 

 

T(r; ; W4,0) = exp[ i (  W4,0 /  ) (r /L) 4 ].       (10) 

 

It is apparent from Eq.(10) that by introducing an in-plane rotation, by an angle β, one can control the amount of 

spherical aberration in an optical system.  

It is straightforward to show, by employing McCutchen’s theorem [20], that the axial irradiance distribution is similar to 

the irradiance distribution of the Fresnel diffraction pattern of a caused slit aperture [21].  

Before ending this section, it is relevant to note the following. For extending field depth, one employs phase masks that 

under the autocorrelation operation generate optical transfer functions, with low sensitivity to focus errors. Hence, at 

each spatial frequency the autocorrelation operation (using a single phase mask) is equivalent to a lateral 

displacement of a pair of phase conjugated masks. Then, under the convolution operation, a single cubic mask (one 

element of the Lohmann – Alvarez lens) behaves as tunable lens for the optical transfer function of the optical system 

[22]. 

4. OPTICAL DEFLECTORS: TUNNING THE DIFFRACTION EFFICIENCIES 

Here, we show that the concept of phase conjugated pairs is useful for controlling the diffraction efficiencies of optical 

deflectors, as depicted in Figures 4 and 5.  To that end, next we analyze the use of a pair of phase conjugate, sinusoidal 

gratings. The first grating has the following complex amplitude transmittance 
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T1(x) = exp[ i 2  p cos(2  x / d) ].       (11) 

 

 

Figure 4. Optical arrangement of two sinusoidal gratings, for controlling diffraction efficiency. 

 

In Eq.(11) the period of the sinusoidal phase grating is d. The complex amplitude transmittance of the second grating is 

 

 

T2(x) = exp[ - i 2  p cos(2  x / d) ].      (12) 

 

As before, if one places these phase gratings in close contact, and after one introduces an in-plane lateral displacement, 

between the two gratings (by a distance y), the overall amplitude transmittance is  

 

T(x; y) = T1(x + y/2) T1*(x - y/2) = exp{ i 2  [2 p sin(  y / d)] sin( 2  x / d }.   (13) 

 

By using the Anger-Jacobi relationship, one can rewrite Eq.(13) as 

 

   T(x; y) = ∑ Jm [4π p sin (πy/d )]  exp[ i 2 π m (x/d)]
∞

k=−∞
    (14) 

 

In Eq.(14) we denote as Jm (.) the Bessel functions of the first kind and of integer order m. From Eq.(14), one can obtain 

that the diffraction efficiency, at the m-th diffraction focus, here denoted as the Greek letter “eta”. That is,  

 

  m = | Jm [4  p sin(  y / d)] | 2.       

 (15) 

 

From Eq.(15) we claim that one can control the diffraction efficiency of the m-th diffraction order, simply by 

introducing a lateral displacement, y, between the conjugate pair of sinusoidal phase gratings.  

m

n
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As depicted in Figure 5, the above results ca be extended to control the diffraction efficiency of sinusoidal phase zone 

plates. For this purpose, the conjugate phase pair is the following. The first complex amplitude transmittance is now a 

helical version of a sinusoidal phase, zone plate. That is, 

 

T1(r, ) = exp[ i 2  p ( / 2  ) sin(2  (r / d)2 ].      (16) 

 

Eq.(16) defines the complex conjugate of the first complex amplitude transmittance . For the second mask, the complex 

complex amplitude transmittance is 

 

T2(r, ) = exp[ - i 2  p ( / 2  ) sin(2  (r / d)2 ].      (17) 

 

 

 

Figure 5. Optical arrangement of two sinusoidal zone plates, for controlling diffraction efficiency of the m-th focus. 

 

As before, if one uses the two above elements in close contact, and after one introduces an in-plane rotation between the 

two elements (say by an angle ), the overall amplitude transmittance is  

 

T(r; ) = T1(r,  +  /2) T1*(r,  +  /2) = exp[ i 2  ( p  /2 ) sin(2  (r / d)2  ].     (18) 

 

Again, by using the Anger-Jacobi relationship, one can rewrite Eq.(18) as 

 

   T(r; β) = ∑ Jm (2 p β )  exp[ i 2 π p (r/d)²]
∞

k=−∞
    (19) 

 

In Eq.(19) we denote as Jm (.) the Bessel functions of the first kind and of integer order m. From Eq.(19), one can obtain 

the diffraction efficiency, at the m-th diffraction focus, is denoted as the Greek letter “eta”. That is, 

  

    m = | Jm (2 p  ) | 2.      (20) 

 

1Z P

2Z P
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Therefore, from Eq.(19), we conclude that one can control the diffraction efficiency of the m-th diffraction focus, 

simply by introducing an in-plane rotation, by an angleβ, between the complex conjugate pair of sinusoidal phase 

zone plates. 

5. GOVERNABLE ABSORPTION: COMPLEMENTARY AMPLITUDE PAIRS  

For amplitude-only masks, there is not a straightforward manner to set a complex conjugate operation. However, in what 

follows, we show that it a possible to stablish an offset attenuation value. Then, one can have both positive absorption 

departures, and negative absorption departures, from the offset attenuation value. As an example of this procedure, we 

depicted in Figure 6, the design of two complementary masks (curve in blue and curve in red), which act as a pair for 

controlling the half-width of a Gaussian transmittance [23]. Other attenuation masks can also be designed using the same 

optical procedure [24]. 

 

 
 

 

 
 

Figure 6. Amplitude transmittance, inside the pupil aperture, of two masks that are complementary. In (a) the blue 

curves describe the amplitude transmittance variations of the first mask. In (b) the same, but in red, for the second 

mask. In (c) the same, but in black, for the overall amplitude transmittance. The dotted curves are for zero lateral 

displacement, y = 0. The broken curves are for a lateral displacement, y = L/5. And the full curves are for a lateral 

displacement, y = (2/5) L. 
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For the first element of the pair, the amplitude transmittance is the curve in blue, in Figure 6. In mathematical terms 

 

T1(x) = exp{ - a [ 1 + (x / L ) 3 ]  rect (x / 2L ).      (21) 

 

In Eq.(21) we denote with the lower case letter a, the absorption coefficient of the amplitude masks. The value of the 

absorption coefficient specifies the offset attenuation value at the origin x = 0. The mask extends from x = – L to x = L. 

This interval represents the pupil aperture, which is here represented by the rectangular function in Eq.(21). The 

maximum transmittance value, that is equals to unity, is located at x = - L. The minimum transmittance value is located 

at x = L. 

For the second element of the pair, the amplitude transmittance is  

 

T2(x) = exp{ - a [ 1 - (x / L ) 3 ]  rect (x / 2L ).      (22) 

 

From Eq.(22) we note that the maximum transmittance value, that is equals to unity, is located at x = L. And the minimum 

transmittance value is located at x = - L. In Figure 7 we show the overall transmittance, if we employ the two amplitude 

masks as a pair and we introduce a lateral displacement, say by a distance y, between the masks. Under this conditions, 

the overall complex amplitude transmittance is 

 

T(x; y) = T1(x + y/2) T2(x - y/2) = exp(- 2 a) exp[- (2 a y /L) (x / L) 2 ] rect (x / 2L ). (23) 

 

From Eq.(23) we claim that by a lateral displacing, between the above two amplitude masks, one can control the half-

width of a Gaussian attenuation profile. Next, we consider the equivalent in absorption masks of the helical phase 

variations in section 3. But now, the two complementary masks have amplitude helical variations. In mathematical terms, 

the amplitude transmittance of the first masks is 

 

T1(r, φ) = exp{ - a [1 + R(r) ( / 2  )] }  circ (r/ L ).      (24) 

 
In Eq.(24) we employ polar coordinates, r and φ, and we denote the radial variations with the function R(r). The finite 

size of the mask is expressed by using the circ function, which is equal to unity if L ≥ r. Otherwise, the circ function is 
equal to zero. The amplitude transmittance of the second masks is 

 

T2(r, φ) = exp{- a [1 - R(r) ( / 2  )] }  circ (r/ L ).      (25) 

 
Since the masks are passive filters then, from Eq.(24), we have that 5Now, as depicted in Figure 7, if one uses the two 

above masks in close contact, and after one introduces an in-plane rotation between the two masks (say by an angle ), 

the overall amplitude transmittance is  

 

T(r; ) = T1(r,  +  /2) T1*(r,  +  /2) = exp{ - a [1 + R(r) ( / 2  )] }  circ (r/ L ).     (26) 

 

In Figure 7, we depict our proposal for the generation of Super Gaussian absorption masks, with controllable attenuation 

coefficient. Hence, in Eq.(27) we set m = 5.  
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T(r; ) = exp{ - a [1 + (r/L)m ( / 2  )] }  circ (r/ L ).      (27) 

 

 

 

Figure 7 Amplitude transmittance, inside the pupil aperture, of two complementary helical absorption masks. At the 

left-hand, we plot the 3-D, absorption graph of the first mask. At the center, the same as before, but for the second 

mask. And at the right-hand, we plot the generated Super Gaussian absorbing mask.  

 

From Eq.(26) we claim that, by an in-plane rotation, by an angleβ , one can control the absorption coefficient of 

attenuation masks that have hyper Gaussian attenuation profiles. Here it is relevant to note that the phase conjugate 

pairs and the amplitude complementary pairs can be used simultaneously in a tandem arrangement [26]. 

FINAL REMARKS 

We have discussed a generalization of the Lohmann-Alvarez lens, which is here recognized aa a phase conjugate pair. 

We have shown that by using other phase conjugate pairs, one can control the optical path difference, only by introducing 

an in-plane lateral displacement. 

 

Furthermore, we have indicated that, under the convolution operation, a single element of the phase conjugated pair 

behaves as tunable lens for the optical transfer function of the optical system. 

 

We have noted that the phase conjugate pair concept is useful for controlling the diffraction efficiency of the m-th 

diffraction order; to this end one only needs to introduce a lateral displacement, between a conjugate pair of sinusoidal 

phase gratings. 

 

Then, we have discussed a 2-D variation of the phase conjugate pair, for governing the optical path difference with radial 

symmetry. To this goal, we have employed polar coordinates; and we have shown that indeed, by an in-plane rotation, 

one can control optical path differences of practically any radial function R(r). 

 

This 2-D variation of the phase conjugate pair is useful for tuning the diffraction efficiency of the m-th diffraction focus, 

of sinusoidal phase zone plates; which form a suitable phase conjugate pair. Moreover, we have indicated that by 

introducing an in-plane rotation, one can control the amount of spherical aberration in an optical system.  

Then, we have shown that one can have both positive absorption departures, and negative absorption departures, from 

the offset attenuation value. This key observation allows one for controlling the half-width of a Gaussian attenuation 

profile. 

We have shown that a 2-D variation of the amplitude complementary masks, each having helicoidal amplitude variations, 

is useful for setting a large family of radially symmetric, beam shapers, with tunable damping coefficient. 
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