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ABSTRACT

The optical parameters of a red blood cell suspended in the blood plasma and, namely, the scattering and
absorption cross sections and the scattering phase function describing the small-angle distribution of the
scattered light are calculated. Dependence of the optical parameters on all possible values of size, shapes,
orientations, hemoglobin concentration, and oxygenation degree is considered. The data are calculated with
the so-called straight-ray approximation. The accuracy of the approximation is estimated by comparison with
the Mie theory. © 1998 Society of Photo-Optical Instrumentation Engineers. [S1083-3668(98)01003-X]
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1 INTRODUCTION

The optical parameters of a red blood cell (RBC)
and, namely, the scattering cross section ss , the ab-
sorption cross section sa , and the scattering phase
function p describing the angular distribution of
scattered light are of great interest for purposes of
optical diagnostics of the blood and tissues.

The simplest method of measuring these optical
parameters of a single cell is realized, for example,
in flow cytometers1,2 where only one particle travels
across the illuminated volume during the measure-
ment time. Here, the optical parameters of every
cell may, in principle, be measured using any stan-
dard technique. The optical parameters themselves
are not, of course, the final goal of various diagnos-
tic methods. The full diagnostic information would
be the RBC geometrical and physical parameters:
size, shape, and the refractive index. The latter
value is connected with concentration and oxygen-
ation degree of hemoglobin inside RBC. So, optical
measurements only give the initial data for retriev-
ing the geometrical parameters and the refractive
index.

The relation between the optical and geometrical
parameters could be obtained either from analytical
or numerical solution of the problem of light scat-
tering by a single RBC. At the same time, it is well
known that the problem of light scattering by one
particle is cumbersome; it may be solved only nu-
merically. Even in the simplest case of a homoge-
neous sphere, a solution to this problem is an infi-
nite series called the Mie theory series.3 Few shapes
like a spheroid allow one to write down the similar
series. As a result, previous authors mainly had to
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ignore the nonsphericity of RBCs, dealing only with
the Mie theory.

Fortunately, the blood cells have an important
property: they are optically soft, i.e., the real part of
their refractive index only slightly differs from that
of the surrounding plasma

uRem21u!1. (1)

The condition (1) makes it possible to obtain a so-
lution of the scattering problem quite in a simple
and physically obvious analytical form usually re-
ferred to as the anomalous diffraction
approximation.3 The simplicity of the equations ob-
tained allows one to calculate optical parameters of
a cell on a PC. In particular, we have developed a
proper computer code called SASPASS (Small-Angle
Scattering by Particles of Arbitrary Shape and
Structure) for applications to the biomedical optics.

The purpose of this article is to obtain the optical
parameters of RBCs suspended in the blood plasma
taking into account the real parameters of RBCs:
size, shape, orientation, and the refractive index.

It should be emphasized that the solution that is
called, in this article, the straight-ray approxima-
tion, yields the simple relation between the optical
and geometrical parameters of a particle. Therefore,
this solution holds much promise for the develop-
ment of methods for optical diagnostics of geo-
metrical parameters of the blood cells.

It is worth noting here that the same problem of
retrieving geometrical parameters of RBCs from the
measured optical quantities is a necessary part of
other optical methods. Thus, a standard technique
is based on light scattering by an RBC ensemble
forming a scattering medium. If the scattering me-
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dium is optically thin, one that can be made, for
example, by diluting whole blood in vitro, the single
scattering approximation is valid. In this case, any
experimentally measured optical quantities are not
quite the quantity of a single RBC but averaged
over the ensemble. If a theoretical solution to the
scattering problem for one RBC is known, one may
invert the experimental data onto the RBC distribu-
tions over size, shape, etc., taking into account the
ideas and methods developed in other fields of op-
tics like optical particle sizing.4

The more complicated case is the scattering of
light by an optically thick scattering medium like
whole blood. Here, the process of multiple scatter-
ing strongly distorts the measured optical values
and the relations between the optical quantities and
the RBC parameters become more complex. In gen-
eral, multiple scattering is described by the radia-
tive transfer equation where the optical parameters
of one particle are coefficients of this equation.5 In
biomedical optics, the radiative transfer equation is
often used in the diffusion approximation where
the coefficients turn to the truncated RBC optical
parameters. For example, this approach is used in
Refs. 5–7 for diagnostics of oxygen content in whole
blood.

The RBC optical parameters obtained either theo-
retically or numerically are required for all the dis-
cussed methods. These necessary data are pre-
sented in this article.

2 STRAIGHT-RAY APPROXIMATION

Consider a plane electromagnetic wave,

E0~r!5E0 exp~ ikz !, (2)

that is incident on a particle. Here r5(x ,y ,z) are the
spatial coordinates, k52p/l , l is the wavelength,
and the particle will be described by the complex
refractive index m(r). If the particle is optically soft
[Eq. (1)] and is much greater than the wavelength,
as are a majority of biological cells for light radia-
tion, the electromagnetic field inside the particle
can be represented by the following equations:

E~r!5E0~r!u~r!, (3)

u~r,z !5exp@ iF~r,z !# , (4)

F~r,z !5kE
2`

z
@m~r,z8!21#dz8. (5)

Here, one takes into account that the refraction of
light rays by the particle is negligible, and therefore
the influence of the particle on the traveling wave
results in the complex-valued phase delay [Eq. (5)]
along the longitudinal coordinate z. The lateral co-
ordinates x and y are denoted as the two-
dimensional variable r. So, the large optically soft
particle is equivalent to the proper amplitude-phase
screen described by the function

F~r!5F~r ,`!. (6)

Equations (3)–(6) are true just behind the particle.
Then the traveling wave becomes changed due to
diffraction. At the distances r'ka2 from the particle
with the characteristic size a, the wave will undergo
Fresnel diffraction from the screen [Eq. (6)]. In the
wave zone r@ka2, the wave is transformed due to
the Fraunhofer diffraction into the superposition of
the incident wave and the scattered wave, the latter
being the diverging spherical wave concentrated,
predominantly, within small scattering angles. The
small angle scattering amplitude of the scattered
wave is determined by the former amplitude-phase
screen [Eq. (6)] according to the following two-
dimensional Fourier transform:

f~n!5
k

2pi E exp~2iknr!w~r!dr, (7)

w~r!5@exp~ iF~r!!21#D~r!. (8)

Here, n is the projection of the scattering direction
on the plane z5const; D(r) is the shadow function
that is equal to unity inside the particle projection
and is equal to zero outside. As the function [Eq.
(7)] is essential under the small-angle condition unu
!1 only, it is convenient to expand formally the
variable n over the whole plane.

It should be noted that if one neglects the first
term of Eq. (8), the integral [Eq. (7)] turns to the
Fraunhofer diffraction from a dark screen with the
shape corresponding to the particle shadow. This
case was called the normal diffraction by H. C. van
de Hulst, while the case with the essential influence
of the first term of Eq. (8) is called the anomalous
diffraction.3 So, Eqs. (3)–(8) are often referred to as
the anomalous diffraction approximation.

The approximation (3)–(8) was used by a majority
of authors in various fields of physics, too. It can be
originated from either the geometrical optics or the
wave parabolic equation. A number of names were
proposed for this: eikonal approximation, WKB ap-
proximation, etc. It is preferable to call the ap-
proach (3)–(8) as the straight-ray approximation
that reflects directly the essence of the approach.

Now it is easy to get the final equations for cal-
culation of the RBC optical parameters. The cross
sections of a particle are the following integrals
over the shadow region behind the particle:

ss5E uw~r!u2dr, (9)

sa5E @12uu~r!u2#dr, (10)
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s5ss1sa522 Re E w~r!dr. (11)

If energy of light is not absorbed inside a particle,
we have sa50 and ss5s .

The small-angle scattering phase function is de-
scribed by the following two-dimensional Fourier
transform:

p~n!5uf~n!u2/ss

5S k
2p D 2E exp~2iknr!S~r!dr/S~0 !,

(12)

S~r!5E w~r8!w0~r81r!dr8. (13)

It is seen that the function w(r) having an evident
geometrical sense determines both cross sections
and the small-angle scattering patterns [Eq. (12)]. It
should be emphasized that all geometrical and
physical information contained in the optical pa-
rameters is restricted by the function w(r). In its
turn, the small-angle scattering pattern [Eq. (12)]
bears the same information as the autocorrelation
of the function w(r) denoted as the S function [Eq.
(13)].

In practice, the small-angle scattering patterns
[Eq. (12)] are the ordinary data obtained experimen-
tally. If one should use these experimental data for
the inverse problems, i.e., for retrieval of some
RBCs parameters, the usage of the S function has a
number of advantages though the phase function
and S function are equivalent mathematically.

Indeed, any measurements are always accompa-
nied by some noise and errors. As is well known,4

these experimentally observed errors are the main
obstacle for solutions of the ill-posed inverse prob-
lems. So, the data processing that can suppress or
filter out the errors becomes an important part for
the retrieval algorithms.

In comparison with the phase function, the S
function has a number of simple peculiar features
that could be used as the filters matching the ex-
perimental data and the peculiarities. Namely, the S
function differs from zero only in a domain of size
of the particle diameter. At the point r50, the real
part of the S function is maximum and its deriva-
tive has a jump while the imaginary part is equal to
zero. Moreover, the equation

Im S~r!50 (14)

is valid everywhere for two cases. In the first, a
particle is symmetrical relative to a point r50:

w~r!5w~2r!. (15)
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That is true for the majority of theoretical models of
particles. In the second case, the function (8) is a
real value that is true, for example, for absolutely
absorbing particles.

The above mentioned features could be used to
filter the experimental data. For this purpose, one
has to transform the scattering pattern (12) into the
S function and then to provide the manifestation of
these obvious peculiarities. Therefore, the S func-
tions are shown in parallel with the phase functions
in this article.

3 GEOMETRICAL AND PHYSICAL
PARAMETERS OF RBCS

A red blood cell can be assumed as an optically
homogeneous particle with the shape described by
the following function in the spherical coordinate
system:

R~u ,w!5a sinq u1b . (16)

Here d52(a1b) is the diameter and 2b is the thick-
ness in the center. As typical parameters for eryth-
rocytes, we choose d57.5 mm corresponding to a
53 mm and b50.75 mm and the exponent q is esti-
mated as q55 for best fitting with the standard
shape. A reduction of the osmolarity of the sus-
pending medium causes isovolumetric sphering of
the cell. This evolution of the shape can be de-
scribed by changing the parameters a, b, and q,
where the case q50 corresponds to a sphere.

The ordinary parameter characterizing the RBCs
for diagnostic purposes is the diameter d. It is
known that the range of diameters for normal
blood is from 5.7 to 9.35 mm with an average of 7.55
mm. A majority of erythrocytes (about 68%) are
concentrated within the diameter interval from 7 to
8 mm. The mean diameter is an important diagnos-
tic parameter. The shift of the average diameter to
less than 7 mm or greater than 8 mm indicates some
pathology.

The refractive index inside a RBC,

m5n1ik , (17)

depends on the optical wavelength in a compli-
cated way. Figure 1 shows the complex refractive
index versus the wavelength according to Refs. 5
and 8. Here, the real part is taken relative to the
blood plasma with the refractive index of 1.35.

In addition, the refractive index [Eq. (17)] de-
pends on the hemoglobin concentration, the con-
centration being varied for different persons. It is
known that the value of the hemoglobin concentra-
tion c is in the intervals from 1.86 to 2.48 mmol/liter
for women and from 2.02 to 2.71 mmol/liter for
men. The linear dependence upon c is known2

n5n01ac , (18)

k5bc , (19)
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where a and b are constants depending on the
wavelength and n051.35 (Ref. 8) or n051.34 (Ref.
2).

Besides, the imaginary part k of the refractive in-
dex depends on the erythrocyte oxygenation espe-
cially in the wavelength range of 0.6–0.8 mm. Ac-
cording to Ref. 5 one has

k5kh1g~k02kh!, (20)

where kh and k0 correspond to nonoxygenation
and 100% oxygenation, respectively, and g is the
oxygenation degree; i.e., it is the part of the hemo-
globin molecules oxygenated (0<g<1).

4 SCATTERING AND ABSORPTION CROSS
SECTIONS

As is known, the cross sections ss and sa of a RBC
were calculated for the model of a homogeneous
sphere only, i.e., within the framework of the Mie
theory. In this section, these cross sections are cal-
culated for the real shape of RBCs [Eq. (16)] using

Fig. 1 Complex refractive index of a RBC as function of wave-
lengths. Oxygenation is 100%, the hemoglobin concentration is
2.036 mmol/liter. Following Ref. 8 in the range of 415–700 nm
and Ref. 2 in the range of 700–1000 nm.

Fig. 2 Scattering and absorption efficiencies vs wavelengths. Nor-
mal incidence, d57.5 mm.
J

Eqs. (9) and (10) of the straight-ray approximation.
The accuracy of the approximation will be dis-
cussed later, in Sec. 6.

Instead of the absolute values of ss and sa , the
dimensionless scattering and absorption efficiencies
are more obvious:

Qs5ss /sg , Qa5sa /sg , (21)

where sg is the area of the RBC projection. For the
normal incidence of light, the area is equal to the
circle area pd2/4 while the value sg is calculated
numerically for the slant incidence that is presented
in Figures 3(a) and 5(a).

The scattering and absorption cross sections de-
pend on the following parameters: size, shape, ori-
entation, complex refractive index, and wavelength
of a light source. So, the efficiencies Qs and Qa are
calculated as functions of one variable, the other
parameters being fixed to the middle values.

Figure 2 shows the scattering and absorption ef-
ficiencies for all optical wavelengths according to
the complex refractive index of RBC presented in

Fig. 3 Scattering (a) and absorption (b) efficiencies and the pro-
jection area sg vs RBC orientation, d 5 7.5 mm.
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Figure 1. The essential dependence of the optical
parameters on the wavelengths is clearly seen.
Therefore, Figures 3–5 are calculated for three
wavelengths chosen in different regions of the op-
tical spectrum; the wavelengths are 440, 640, and
900 nm. These wavelengths are close to the wave-
lengths of the well known lasers: He–Cd laser (441
nm), He–Ne laser (632.8 nm), and a semiconductor
laser (960 nm).

Figures 3(a) and 3(b) show the effect of RBC ori-
entation on the efficiencies. The RBC orientation is
determined by the tilt angle u between the incident
direction and the RBC symmetry axis. The normal
incidence corresponds to u50.

The dependence of the efficiencies on RBC size is
presented in Figures 4(a) and 4(b). Here the diam-
eter parameters a and b are varied proportionally.

It is known that the shape of an erythrocyte is
varied isovolumetrically with reduction of the os-
molarity of the suspending media. In our case, the
shape was changed by the q parameter in Eq. (16).
The parameters a and b were fitted numerically to
provide the isovolumetric change of the shape. The
obtained results are shown in Figure 5.

Fig. 4 Scattering (a) and absorption (b) efficiencies as function
of RBC diameters, normal incidence.
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Figure 6 presents the results calculated for all
possible hemoglobin concentrations within an
erythrocyte. The calculations are carried out for 640
nm wavelength. The real and imaginary parts of the

Fig. 5 Effect of RBC shape on the optical parameters. The RBC
shape is transformed isovolumetrically. The normal erythrocyte
shape corresponds to q55 and d 5 7.5 mm while q50 corre-
ponds to the sphere, normal incidence.

Fig. 6 Effect of the hemoglobin concentration on the optical pa-
rameters. The wavelength is 640 nm, normal incidence, d
57.5 mm.
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refractive index are varied according to Eqs. (18)
and (19). The magnitudes of the parameters a and b
were determined from the data presented in Figure
1. For the wavelength of 640 nm, a is equal to 18.91
liter/mol and b50.009 823 liter/mol.

The degree of hemoglobin oxygenation has an ef-
fect on the imaginary part of the refractive index
according to Eq. (20). For the wavelength of 640 nm,
there is the following estimate for the ratio kh /k0
'10.5 Then, taking into account the data presented
in Figure 1, one can get kh5231024 and k052
31025. In general, the degree of oxygenation can
produce an effect on the real part of the complex
refractive index, too. However, such data are un-
known. Therefore, the real part was chosen as a
constant for a fixed wavelength. Figure 7 shows the
results calculated.

5 SMALL-ANGLE PHASE FUNCTIONS AND
THE S FUNCTIONS

The phase function [Eq. (12)] is a standard optical
value measured experimentally. In comparison
with the integral parameters, ss and sa , the phase
function has more detailed information on the geo-
metrical and physical parameters of a scattering
particle. In principle, the information may be re-
trieved from the experimental data and used for
medical diagnostics.

In our case of the optically soft erythrocytes [Eq.
(1)], the phase function is concentrated within the
small scattering angles u>l/d . On the one hand, it
is rather difficult to measure the phase function
with good accuracy in all scattering angles, due to
this fact. On the other hand, the small-angle phase
function bears the information on the geometrical
and physical parameters of particles in a very
simple and explicit form according to Eqs. (12) and
(13), as compared to the Mie theory. Therefore, the
inversion of the small-angle phase function for re-

Fig. 7 Scattering and absorption efficiencies as function of the
oxygenation degree. The wavelength is 640 nm, normal incidence,
d57.5 mm.
trieval of the geometrical and physical parameters
of erythrocytes is a much promising problem.

In this section, the small angle scattering func-
tions of erythrocytes are calculated within the
straight-ray approximation. As it was discussed in
Sec. 2, their two-dimensional Fourier transforms
called the S functions are more advisable relative to
the geometrical and physical parameters of erythro-
cytes. So, the S functions are calculated in parallel
to the phase functions.

Figure 8(a) presents the phase function calculated
for the normal orientation (u50) and Figure 8(b)
corresponds to the erythrocyte turned at u5p/2
and w5p/4. It is seen that only the central and
second maxima are essential. So, any retrieval of

Fig. 8 Phase functions for various RBC orientations: (a) normal
incidence u50, (b) u5p/2 and w5p/4. Wavelength is 440 nm,
d57.5 mm.
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information from the rapidly decreasing functions
is difficult.

Figures 9(a) and 9(b) compare the phase functions
and the S functions along the x axis (y50) for vari-
ous orientations of RBC. The RBC rotation is chosen
around the y axis. Here, the imaginary part of the S
function is equal to zero according to Eqs. (14) and
(15). The analogous comparison is shown in Figures
10(a) and 10(b) for various isovolumetric shapes. It
is seen that the S function is varied more dramati-
cally with any change of the RBC geometrical pa-
rameters. Therefore, the S function is more sensitive
as compared with the phase function.

The advantages of the S functions are most con-
spicuous for the erythrocytes with some irregular
inclusions. In this case, the imaginary part of the S
function is not equal to zero. As an illustration, a
spherical inhomogeneity located at the distance of
2.75 mm from the center along the y axis has been
considered below. The complex refractive index in-
side the sphere is taken to be three times greater
than the RBC one. Figures 11(a), 11(b), and 11(c)
show the phase function and the real and imagi-

Fig. 9 Phase function (a) and the S function (b) for various RBC
orientations. Rotation is around the y axis. Wavelength is 440 nm,
d57.5 mm.
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nary parts of the S function, respectively, for the
sphere radius of 1 mm.

The inhomogeneity size is the main parameter
that has an effect on these functions. Figures 12(a),
12(b), and 12(c) show the functions for various radii
of the spherical inclusion. One can see that the
imaginary part of the S function is the most sensi-
tive to the inhomogeneity size.

6 COMPARISON WITH THE MIE THEORY

The accuracy of the straight-ray approximation for
erythrocytes suspended in the blood plasma can be
tested by comparison with the well-known Mie
theory calculations that are applicable to spheres.
For this purpose, the normal erythrocyte with the
parameters described in Sec. 3 is transformed iso-
volumetrically into a sphere that gives the sphere
diameter of 5.2 mm. The calculations of the scatter-
ing cross section versus optical wavelengths were
carried out using three methods. The first method
was the calculation according to the standard algo-
rithm summarizing the Mie series. The refractive
index of the sphere corresponded to the data in Fig-

Fig. 10 Phase function (a) and the S function (b) for various iso-
volumetric shapes of RBC. Wavelength is 440 nm, d57.5 mm,
normal incidence.
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Fig. 11 Phase function (a), the real part (b), and the imaginary
part (c) of the S function for RBC with a spherical inclusion. The
center of the sphere is located at the distance of 2.75 mm from the
RBC center along the y axis. The sphere radius is 1 mm. Wave-
length is 440 nm, d57.5 mm, normal incidence.
Fig. 12 Phase function (a), the real part (b), and the imaginary
part (c) of the S function for RBC with a spherical inclusion vs the
sphere radii: 1—r50.5 mm, 2—r51 mm, 3—r51.5 mm. The
center of the sphere is located at the distance of 2.75 mm (cases 1
and 2) and 2.0 mm (case 3) from the RBC center along the y axis.
Wavelength is 440 nm, d57.5 mm, normal incidence.
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ure 1. The second method was the numerical calcu-
lation according to the analytical equation for the
scattering cross section known for the homoge-
neous sphere in the straight-ray approximation.5

The third method was the calculation using the
SASPASS program. As a result, the data obtained
with the last two methods were identical, as was
verified with the given program. The difference be-
tween the scattering cross sections calculated with
the Mie theory and with the straight-ray approxi-
mation did not exceed 4%, as is presented in Figure
13. It proves the accuracy of the data obtained
above.

7 CONCLUSIONS

The first complete data concerning the effects of all
the geometrical and physical parameters on the op-
tical values of erythrocytes suspended in the blood
plasma have been obtained. The real, nonspherical

Fig. 13 Comparison between the Mie theory and the straight-ray
approximation: (1) the Mie theory, (2) analytical, and (3) numeri-
cal calculation in the straight-ray approximation. Diameter of the
sphere d55.2 mm (isovolumetric transform for the normal RBC
shape).
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shape of erythrocytes is taken into consideration.
As a result, the scattering and absorption cross sec-
tions and the phase function are calculated taking
into account the geometrical and physical param-
eters, namely, size, shape, orientation, and the re-
fractive index.

The calculations have been carried out in the so-
called straight-ray approximation that is applicable
to optically soft particles. The program SASPASS
(Small-Angle Scattering by Particles of Arbitrary
Shape and Structure) allows us to calculate the op-
tical values of any optically soft particle with arbi-
trary orientations. The comparison with the Mie
theory has shown the accuracy of the results ob-
tained.

The two-dimensional Fourier transform of the
small-angle phase function, called the S function, is
proposed for diagnostics of the shape and structure
of optically soft particles like erythrocytes instead
of the phase function. The advantages of this ap-
proach are most conspicuous in the appearance of
any irregular inclusions inside erythrocytes. In this
case, the imaginary part of the S function becomes
the most sensitive value.
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