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ABSTRACT. This work deals with the effect of adaptive optics (AOs) configuration options, i.e.,
tip/tilt (N ¼ 3) and full AO (N ¼ 35) cases, on the intensity probability density func-
tions (PDFs) associated with the turbulent channel. An ad hoc scintillation index
model is proposed for the full AO options. This model is applicable for both
power-in-the-bucket and power-in-the-fiber (PIF) signal receptions. The commonly
used log-normal intensity PDF follows the no AO and tip/tilt experimental horizontal
link data for two turbulence conditions but fails to accurately characterize the full AO
option for those two cases, especially in depicting the perceived left skewness of the
PDF in one case. The exponentiated Weibull distribution with the proposed full AO
scintillation index model exhibits good agreement with the experimental data in the
two cases and follows the strong left skewness in one case. These results also show
that the median value for each PDF shifts to the right and the PDFs experience nar-
rower shape changes, i.e., more received power, as AO Zernike modes are added.
Finally, comparison of PIF PDF shifts with the estimated fiber coupling efficiencies is
in reasonable agreement.
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1 Introduction
Free-space optical communications (FSOCs) is becoming an important option for both atmos-
pheric and space-based high data rate networks.1–4 FSOC links operating in and through the
Earth’s atmosphere must mitigate the effects of turbulence if they are to provide reliable high
link availability under cloud-free atmospheric conditions. Methods with varying degrees of
success in mitigating turbulence effects include adaptive optics (AOs), interleaving, forward error
correction, optical automatic gain control, hybrid RF/FSOC system operation, and networking.5–10

Validated statistical models for quantifying the effects of turbulence on various FSOC link con-
figurations are available.11–13

This paper deals with the effect of AO configuration options, i.e., tip/tilt (N ¼ 3) and full AO
(N ∼ 35) on the intensity probability density functions (PDFs) associated with the weak turbulent
channel or short-range links under daytime operation.9,10,14,15 Comparisons will be made between
theoretical predictions and daytime experimental field data. An ad hoc scintillation index model
is proposed for the full AO option. The commonly used log normal (LN) PDF follows the no AO
and tip/tilt options but fail to accurately characterize the full AO option. This option is better
matched to the exponentiated Weibull (EW) distribution to cover its left skewness nature.11
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This new model is applicable to both power-in-the-bucket (PIB) and power-in-the-fiber (PIF)
signal receptions as will be shown. In addition, comparison of PIF PDF shifts with the estimated
fiber coupling efficiencies are in reasonable agreement.

2 Probability Density Function for the Turbulence Channel
The ultimate performance of an FSOC system operating in and through the Earth’s atmosphere is
derived by averaging the key performance parameter like bit error rate with respect to the
turbulence-induced intensity PDF. This calculation yields the average performance parameter
for the assumed turbulence conditions. The validated FSOC in turbulence models used in this
paper are described in Ref. 13. Arguably, the two most used turbulence-induced PDFs are the LN
and Gamma–Gamma (GG) PDFs. Two exceptions are the use of the modulated Gamma PDF and
Gamma PDF in calculations involving untracked-beam and tracked-beam satellite communica-
tions uplinks, respectively.13

The LN PDF is given as

EQ-TARGET;temp:intralink-;e001;114;559pln IðI 0Þ ¼
1

I 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2ln IðDrxÞ

p exp

�
−
½lnðI 0Þ þ 0.5 σ2ln IðDrxÞ�2

2σ2ln IðDrxÞ
�
; (1)

with σ2ln IðDrxÞ ¼ ln½1þ σ2I ðDrxÞ�; which is valid in the weak-to-moderate intensity fluctuations
regimes when the receiver aperture is large [Ref. 12, p. 94]. In this equation, I 0 ¼ I∕hIð0; RÞi is
the normalized received intensity, I is the intensity at the receiver aperture, hIð0; RÞiis the average
intensity at the receiver aperture, R is the range, σ2I ðDrxÞ is the aperture-averaged power scin-
tillation index (flux variance), and Drx is the receiver aperture diameter.

The other PDF is the GG PDF, which is written as

EQ-TARGET;temp:intralink-;e002;114;446pGGðI 0Þ ¼
2ðαβÞðαþ βÞ∕2

ΓðαÞΓðβÞ ðI 0Þðαþ βÞ∕2−1Kα−βð2
ffiffiffiffiffiffiffiffiffi
αβI 0

p
Þ; (2)

where KνðxÞ is the modified Bessel function of the second kind

EQ-TARGET;temp:intralink-;e003;114;396α ¼ 1∕σ2XðDrxÞ; (3)

and

EQ-TARGET;temp:intralink-;e004;114;360β ¼ 1∕σ2YðDrxÞ; (4)

with σ2XðDrxÞ being the large-scale power scintillation index and σ2YðDrxÞ being the small-scale
power scintillation index [Ref. 12, p. 94].

Equation (2) is valid in the weak-to-strong intensity fluctuations regimes when the receiver
aperture is small as well as with certain large values of Drx. Experimental and computer sim-
ulation results indicate that Eq. (2) may be only valid in deep turbulence when Drx < ρ0 or when
Drx > R∕kρ0with ρ0 ¼ r0∕2.1 being the lateral spatial coherence radius, k ¼ 2π∕λ, r0 is Fried
parameter, and λ is the laser wavelength. For apertures sizes between these extremes, the Eq. (1)
may be the better model [Ref. 12, p. 94].

3 Experimental Data Collection
Researchers from AOptix operated a 10.02 km FSO link between Campbell, California, United
States and Saratoga, California, United States on July 23, 2008 and August 27, 2008,
respectively.9,10 Figure 1 shows a Google-Earth view of the link and its terrain cross-section.
The altitudes of the end points are 200 feet at the Campbell site and 1842 feet at the
Saratoga site. The slant angle is 2.9 deg in free air but is much closer to ground as the terrain
slowly rises into the Santa Cruz Mountains. As you might expect, the turbulence is quite variable
and has a strong diurnal cycle, often dominated by local effects at the Campbell site in the day
and the interface of the cool marine layer at or below 2000 feet to the upper atmosphere. For this
analysis, we will assume this is a horizontal link close to the ground.

For the cited experiments, the FSO link used the AOptix Open frame R3.1 optical terminals
of 10 cm aperture, and the same type of optical terminal used in the Hawaii link described in
Ref. 7. Figure 2 shows a picture of the AOptix adaptive optical R3.1 optical terminal,
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highlighting the telescope entrance aperture and transmitter and receiver fiber port. AO compen-
sation reduces the severity of the atmospheric effects by reducing phase aberrations induced by
the turbulence to increase the amount of power focused into the fiber. The R3.1 AO design incor-
porated three modes of operations: (1) no AO, (2) tip/tilt only (N.3) and (3) 35-Zernike mode
phase correction (N.35). The deformable mirror was driven by 35 actuators in “curvature sensor”
architecture for the phase variations detected by the wavefront sensor. The sampling and cor-
rection was designed to be well within the Greenwood time interval of the turbulence
[Ref. 12, p. 75], which is a measure of how rapidly the atmosphere changes. Figure 3 illustrates
the first 10 Zernike modes and some of the aberrations that mode is intended to correct.15

Figure 4 depicts a simplified layout of this terminal. The laser wavelength was 1.55 μm. The
experiments’ data collections involved collecting PIF and PIB measurements at a 32 kHz sample
rate, with 1-s statistics generated every minute. High-speed focal plane 64 × 64 images were
taken at 350 frames/s with an exposure time of 0.4 ms and 128 × 128 images were also taken
at 100 frames/s with an exposure time of 1.5 ms.

At this point, we need to define two key parameters, PIB and PIF. Referring to Fig. 4, the
total power on the AO wave front sensor is referred to as the PIB. It is a reasonable facsimile of
the total power entering the telescope aperture. The power at the single mode fiber entrance
aperture is referred to simply as the PIF, as shown in Fig. 4. It is a reasonably accurate, but
scaled, facsimile of the Strehl ratio, i.e., it shows how close we get to the Airy disk

Fig. 2 Picture of the AOptix adaptive optical R3.1 optical terminal.

Fig. 1 Google-Earth view of the FSO link and its terrain cross-section.
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[Ref. 12, p. 78]. Figure 5 shows the resulting point spread function (PSF) reconstruction
and Strehl ratio for data taken at 1400 local time on August 27, 2008, under high intensity fluc-
tuation turbulent conditions. Even with 35-Zernike mode compensation, the AO system could
not reconstruct the PSF perfectly. This figure also illustrates that without tip/tilt (TT) beam wan-
der compensation, the focused beam could not center the incoming beam onto the fiber

Fig. 4 Simplified layout of the AOptix Open frame R3.1 optical terminals.

Fig. 5 AO-corrected PSF after turbulence degradation as compared to a perfect PSF.14

Fig. 3 The first 10 Zernike modes.
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aperture. The power exiting the single mode fiber is referred to simply as the power out of
the fiber.

Figures 6(a) and 6(b) show focal plane derived PIB and PIF measurements, respectively,
taken at 1400 local time on August 27, 2008. The 1400 data collection was taken underDrx∕r0 ¼
4.25 turbulent conditions. The green curves represents PIB and PIF measurements without the
AO systems at the two ends of the link working, the red curves depicts the PIB and PIF mea-
surements with the tip/tilt only option of both AO systems being on, and the yellow curves
exhibit the PIB and PIF measurements with the 35-Zernike Mode AO system operating at both
ends. The blue curves in Fig. 6(b) represent the PIF measurement using the instantaneous frame-
by-frame TT correction. This graph clearly shows limited benefit from the use of a higher TT
bandwidth. They also show that the median value for each PDF shifts to the right, i.e., improved
link performance, as AO Zernike modes are added. In addition, the PDF shapes change similarly.
This is not too surprising as one would expect the AO system would increase received power by
centering the energy profile along the fiber core axis and reducing spot size and angular spread of
the received signal.

Figures 7(a) and 7(b) show PIB and PIF measurements, respectively, taken at
0900 local time on August 27, 2008. The 0900 data collection was taken under Drx∕r0 ¼ 2.1

turbulent conditions. The color-coding definitions for both figures are the same as in
Fig. 6.

Fig. 6 Focal plane derived (a) PIB and (b) PIF measurements taken at 1400 on August 27, 2008.

Fig. 7 Focal plane derived (a) PIB and (b) PIF measurements taken at 0900 on August 27, 2008.
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4 Horizontal Link PDF Comparison Analysis
The validated FSOC in turbulence models presented below are from Ref. 13. The beam wander
variance and pointing error variance in the detector plane for the assumed horizontal link are
written as

EQ-TARGET;temp:intralink-;e005;114;683hr2cðDRxÞi ¼
2.42C2

nR3

W1∕3
0

�
ΩRx

Λ1 þΩRx

�
; (5)

and
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0∕25r20

�
1∕6

�
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respectively with ΩRx ¼ 2R∕kW2
Rx and WRx ¼ Drx∕2

ffiffiffi
2

p
.

The Rytov variance, long-term beam radius, and short-term beam radius in the pupil plane
are given as

EQ-TARGET;temp:intralink-;e007;114;554σ2R ¼ 1.23C2
nðhtxÞk7∕60 R11∕6; (7)

EQ-TARGET;temp:intralink-;e008;114;516WLT ¼ Wð1þ 1.33σ2RΛ5∕6Þ3∕5; (8)

and

EQ-TARGET;temp:intralink-;e009;114;497WST ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

LT − hr2ci
q

: (9)

The wander-induced power scintillation index in the detector plane is equal to

EQ-TARGET;temp:intralink-;e010;114;452σ2I;UntrackedðDRxÞ ¼ 4.42
σ2RΛ

5∕6
ST σ2pe

W2
ST

þ exp½σ2lnXðDRx; l0Þ − σ2lnXðDRx; l0; L0Þþ σ2ln YðDRxÞ� − 1;

(10)

and the tip/tilt-tracked power scintillation index in the detector plane equals

EQ-TARGET;temp:intralink-;e011;114;386σ2I;Tip−Tilt ¼ exp½σ2lnXðDRx; l0Þ − σ2lnXðDRx; l0; L0Þþ σ2ln YðDRxÞ� − 1; (11)

with l0 is the inner scale of the turbulence, L0 is the outer scale of the turbulence, and
ΛST ¼ 2R∕k0W2

ST. Specific equations for the parameters σ2lnXðDRx; l0Þ;σ2ln XðDRx; l0; L0Þ, and
σ2ln YðDRxÞ are found in Refs. 12 and 13.

Let us now address the scintillation index for a full AO system. Roddier modified the wave-
front variance model to account for the number of mirror actuators

EQ-TARGET;temp:intralink-;e012;114;299σ2wfðNÞ ¼ 0.335 N−5∕6
�
Drx

r0

�
5∕3

; (12)

where N is the number of mirror actuators.16 The reduction in wavefront variance betweenN ¼ 3

and N ¼ 35 AO systems equals

EQ-TARGET;temp:intralink-;e013;114;238Δσ2wf ¼ σ2wfðN ¼ 35Þ
σ2wfðN ¼ 3Þ ¼

�
35

3

�
−5∕6

¼ 0.129: (13)

If we assume that this reduction applies directly to the scintillation index reduction with
increasing Zernike modes, then the tracked power scintillation index is reduced by 0.129, i.e.

EQ-TARGET;temp:intralink-;e014;114;172σ2I;FullAO ¼ 0.129σ2I;Tip−Tilt: (14)

Figure 8 compares the LN PDFs for no AO, tip/tilt, and full AO options using the above
equations against their associated PIB measurement curves shown in Figs. 3(a) and 4(a). The no
AO and tip/tilt comparisons in Fig. 8(a) are in reasonable agreement, but the full AO comparison
is not good. The LN curve is much narrower than the measurement curve. The tip/tilt compar-
isons in Fig. 8(b) are in reasonable agreement, although slightly shifted, but the no AO and full
AO comparisons are not good. The full AO LN curve is much narrower than and not left skewed
like the measurement curve. The left-hand side of no AO LN curve is broader than the left-hand
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side than measurement curve. The right-hand sides are closer, but the LN curve is broarder here
as well. Since we are interested in the AO options performance, we will not worry about this
difference.

Looking at Fig. 8(b), we see a left skew that neither an LN nor GG PDF can create by any
combination of parameters.11 Barrios and Dios suggested that a different PDF should be used
when aperture averaging takes place and found that an EW distribution agreed with both sim-
ulation and experimental data.17 It also creates a left skew PDF profile. This distribution is given as

EQ-TARGET;temp:intralink-;e015;117;484pewðI 0Þ ¼ ½ηα∕β�ðI 0∕βÞα−1e−ðI 0∕βÞα ½1 − e−ðI 0∕βÞα �η−1; (15)

where the shape parameter η obeys the following approximation

EQ-TARGET;temp:intralink-;e016;117;447η ¼ 3.931

�
Drx

ρ0

�
−0.519

; (16)

the shape parameter α 0 is given as

EQ-TARGET;temp:intralink-;e017;117;398α 0 ¼ ðη σ2I ðDrxÞÞ−6∕11; (17)

the scale parameter β 0 equals

EQ-TARGET;temp:intralink-;e018;117;362β 0 ¼ 1

ηΓð1þ 1∕α 0Þgðη; α 0Þ ; (18)

and

EQ-TARGET;temp:intralink-;e019;117;314gðα 0; ηÞ ¼
X∞
n¼0

ð−1Þn ðnþ 1Þð1þ α 0Þ∕α 0ΓðηÞ
n!Γðη − 1Þ : (19)

Figure 9 compares the LN PDFs with the no AO and tip/tilt PIB data, and the EW PDF using
the above equations with the full AO PIB data found in Figs. 6(a) and 7(a). There is no change in
our observation of the no AO and tip/tilt comparisons from Fig. 8. However, we now see that the
EW curves agree reasonably well with PIB measurements in both figures. In fact, the EW curve
exhibits the left skew seen in full AO data curve shown Fig. 9(b). This suggests that the EW
distribution represents the full AO situation much better than the LN or GG distributions could.
This comparison also shows that the full AO option reduces the PDF width as compared to the no
AO and tip/tilt (TT) cases.

Looking at the PIF curves in Figs. 6(b) and 7(b), the shapes of these PDFs appear to be like
those shown in Figs. 6(a) and 7(a) but just shift down about 13 dB. We noted earlier that the PIF
was the power at the fiber face in the experimental setup.

Figure 10 compares shifted LN PDFs with the no AO and tip/tilt PIF data, and shifted EW
PDF with the full AO PIF data found in Figs. 6(b) and 7(b). The curves appear to agree quite well.
The shifts in Fig. 10(a) are −15, −12.5, and −11.5 dB for no AO, TT only, and full AO con-
figurations, respectively. The shifts in Fig. 10(b) are −15, −15, and −12 dB for no AO, TT only,
and full AO configurations, respectively. Figure 11 exhibits the PDF for the fiber coupling effi-
ciency (EFC) for the (a) 1400 and (b) 0900 experiments normalized by the receiver system loss of

Fig. 8 Comparison of LN PDFs and PIB data taken at (a) 1400 and at (b) 0900 on August 27, 2008.
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10 dB.9 Table 1 compares the above shifts to the eye-ball estimated EFCs for the (a) 1400 and (b)
0900 experiments. They are in reasonable agreement. Let us look in more detail at the results
depicted in Fig. 10.

The mean values appear consistent with the TT Only and full AO PDFs for both Figs. 10(a)
and 10(b). The PDF shape agreement between the TTonly predictions and full AO estimates, and
the experimental measurements are also reasonably good.

Fig. 10 Comparison of LN PDFs for no AO and tip/tilt A0 and EW PDF for full AO and PIF data
taken at (a) 1400 and at (b) 0900 on August 27, 2008.

Fig. 11 Normalized fiber coupling efficient PDF measured at (a) 1400 and at (b) 0900 on August
27, 2008.

Fig. 9 Comparison of LN PDFs for no AO and tip/tilt A0 and EW PDF for full AO and PIB Data
taken at (a) 1400 and at (b) 0900 on August 27, 2008.
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On the other hand, the no AO PDF and data comparisons show the PDF profile centered
about right but depict much narrower shape profiles than the theoretical predictions do. The PDF
peak value is quite different from the mean value. This suggests that the no AO PDF model does
not characterize the received intensity statistics correctly when the received signals are coupled
into fibers. This additional loss may be attributed to beam wander causing many signals not to be
coupled into the fiber. The other two situations are effectively centroid tracked by the N ¼ 3

portion of the AO system, which minimizes the beam wander-induced fiber coupling losses.
In any event, most optical communications systems will employ an AO system for at least
tracking purposes and the above estimates suggest a benefit in link performance by their use
as compared to their non-use in weak turbulence or short range.

5 Summary
This paper dealt with the effect of AO configuration options, i.e., tip/tilt (N ¼ 3) and full AO
(N ∼ 35), on the intensity PDF associated with the weak turbulent channel or short-range links
under daytime operation. Comparisons will be made between theoretical predictions and exper-
imental field data. This paper showed that the LN PDF can be used as no AO and tip/tilt (N ¼ 3)
turbulence-induced intensity PIB and PIF PDFs but does not represent the full AO (N ¼ 35) PDF
very well. The better PIB and PIF PDF option for full AO is the EW PDF that both match the
profile and the left skewness that results from its use. These results also showed that the median
value for each PDF shifts to the right and the PDFs experience narrower shape changes, i.e., more
received power, as AO Zernike modes are added. In addition, PIF PDF shifts and the EFCs were
shown to be in reasonable agreement.
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Table 1 Comparison of PDF shift for Fig. 10 with the estimated fiber coupling efficiencies.

8.27.2008 0900 Image shift (dB) Estimated normalized EFC (dB) EFC (dB)

No AO −15 −3 −13

TT only −15 −2 −12

Full AO −12 −0.8 −10.8

8.27.2008 1400 Image shift (dB) Estimated normalized EFC (dB) Estimated normalized EFC (dB)

No AO −15 −5 −15

TT only −12.5 −3.5 −13.5

Full AO −11.5 −1.8 −11.8
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