
Chapter 1

Complex and Hypercomplex
Numbers

The theory of complex numbers is well developed; complex numbers have
been used in science and engineering for a long time and are still being used
for solving many new problems. The arithmetic of these numbers generalizes
the arithmetic of real numbers in the sense that, together with the operations
of addition and multiplication by real numbers, the inverse number and the
division are defined. Such a complete arithmetic exists for other numbers,
which are called quaternions and octonions. Quaternions were first discovered
by Hamilton in 1843 [6]. More recently, quaternions have been employed in
bioinformatics, navigation systems [7], and image and video processing [8, 9].
Octonions, which are defined as doubled quaternion numbers [34], have been
used in signal and image processing, and we believe that they can also be used
effectively for parallel processing many images.

Recently, the theory of quaternion algebra has been used in the applica-
tion of color science that processes the three color channels simultaneously
[1]–[13]. Quaternion numbers found interesting applications in color image
processing, such as image enhancement [19, 31], watermarking [32], adaptive
filtering [33], and prostate cancer Gleason grading [16]. The quaternion can be
considered as a four-dimensional number with one real part and three
imaginary parts. The imaginary dimensions are represented as i, j, and k,
which are orthogonal to each other and to 1. In many cases, it is useful to
transfer the calculations from the real space of signals and images to complex
space, analyze and solve problems by using methods of the complex analysis
(arithmetic), and then transfer the solution back to the real space. The
transformation to the space of quaternions is also promising. Quaternion
algebra for color imaging was first used by Pei and led to the description of
new tools, such as the quaternion Fourier transforms and correlations for
image processing by representing the red, green, and blue values at each pixel
in the color image as single pure quaternion-valued pixels [10]. There are a
number of studies on quaternions and quaternion operations and systems in

1



color image processing [11]–[19]. These color-processing systems use pure
complex quaternion representation, not the complete quaternion components.

It is natural to ask how to use the complete quaternion representation, or
more precisely, how to use the “real” scalar number information in different
color image-processing applications, or what the advantage is of using the
complete representation model over the pure complex quaternion model,
particularly in color image processing. The demand by the consumer to run
multiple applications on a mobile platform is increasing every day and is
presenting a greater challenge to develop efficient computation tools and
proficient energy resources [8]. For example, the users want their cell phones
to work on different communication standards with multiple office or home-
related applications showing real-time performance.

1.1 Complex and Hypercomplex Numbers

In this section, we present the basics of the complex and hypercomplex
numbers, namely quaternions, and describe the main operations and properties
of such numbers. Complex numbers are considered as points on a two-
dimensional plane, where one coordinate is real and another one is measured
along the imaginary vertical, as shown in Fig. 1.1 for the point ð3, 2iÞ. The first
coordinate, 3, of this point is measured along the real axis, and the unit on the
vertical is denoted by 1i, or simply i. This unit measure i is called the imaginary
unit and will be described in the next sub-section.

1.1.1 Complex arithmetic

We first go back to the sixteenth century, when the formal and not real
solution of the simple quadratic equation

z2 þ 1 ¼ 0, or z2 ¼ �1, (1.1)

was denoted by z ¼ ffiffiffiffiffiffiffi�1
p

by two Italian mathematicians Rafael Bombelli and
Gerolamo Cardano [34]. Another solution of this equation is z ¼ � ffiffiffiffiffiffiffi�1

p
.

Figure 1.2(a) shows the graph of the parabola y ¼ x2 þ 1, which does not
intersect the horizontal line, i.e., there is no solution of Eq. (1.1) in real
arithmetic. Solutions to this equation can be found in other arithmetics that

Figure 1.1 The point on a two-dimensional plane.
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will be described in a moment; in fact, these two solutions are on the unit
circle shown in Fig. 1.2(b). There are four unit points on this circle. Two
points are on the horizontal line, �1, and they are the solutions of the
equation z2 � 1 ¼ 0, which can be written as x2 � 1 with real numbers x. The
graph of the parabola y ¼ x2 � 1 is also shown in Fig. 1.2(a). Two other
points of the circle, which are on the vertical line, are the solutions of the
equation z2 þ 1 ¼ 0. These are the points z1 ¼

ffiffiffiffiffiffiffi�1
p

and z2 ¼ � ffiffiffiffiffiffiffi�1
p

.
Given a real number y ≠ 0, the solutions of the equation

z2 þ y2 ¼ 0, or
�
z
y

�
2
þ 1 ¼ 0, (1.2)

can be written as z∕y ¼ � ffiffiffiffiffiffiffi�1
p

, z ¼ �y
ffiffiffiffiffiffiffi�1

p
, or z ¼ �ð ffiffiffiffiffiffiffi�1

p Þy. If for a given
real number x we consider the quadratic equation

ðz� xÞ2 þ y2 ¼ 0, (1.3)

then, one can see that z� x ¼ �y
ffiffiffiffiffiffiffi�1

p
and the solutions of this equation are

the numbers z ¼ xþ y
ffiffiffiffiffiffiffi�1

p ¼ xþ ð ffiffiffiffiffiffiffi�1
p Þy and z ¼ x� y

ffiffiffiffiffiffiffi�1
p ¼ x� ð ffiffiffiffiffiffiffi�1

p Þy.
In the eighteenth century, Euler denoted this imaginary number or symbolffiffiffiffiffiffiffi�1

p
by i, i.e., i ¼ ffiffiffiffiffiffiffi�1

p
and i2 ¼ �1. This symbol represents an imaginary

unit, and in the engineering community it is denoted by j, since the letter “i” is
used for the electrical current.

The number z ¼ xþ iy ¼ xþ yi is called a complex number. Numbers x
and y are real, and x is called the real part of z and y is the imaginary part of z.
These two parts are denoted by x ¼ Re ðzÞ and y ¼ Im ðzÞ, or x ¼ ℜðzÞ and
y ¼ ℑðzÞ. The concept of the complex number generalizes the real numbers
that can be considered as the complex numbers with zero imaginary parts,
i.e., when y ¼ 0. Arithmetical operations also are generalized in complex
arithmetic, and we consider the main operations over complex numbers.
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Figure 1.2 (a) Parabola and (b) the unit circle with four unit points on it.
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Given complex numbers z1 ¼ x1 þ iy1 and z2 ¼ x2 þ iy2, the following
properties for operations of addition and multiplication are valid:

1: z1 þ z2 ¼ ½x1 þ iy1� þ ½x2 þ iy2� ¼ ðx1 þ x2Þ þ iðy1 þ y2Þ,
2: kz1 ¼ k½x1 þ iy1� ¼ ðkx1Þ þ iðky1Þ,

for any real number k. One can note that z1 þ z2 ¼ z2 þ z1. The operation of
subtraction is defined as z1 � z2 ¼ z1 þ ð�1Þz2:

3: z1 � z2 ¼ ½x1 þ iy1� � ½x2 þ iy2� ¼ ðx1 � x2Þ þ iðy1 � y2Þ:
The most important operation of complex numbers is multiplication,

z ¼ z1z2, which is calculated directly as

z1z2 ¼ ½x1 þ iy1�½x2 þ iy2� ¼ x1x2 þ ix1y2 þ iy1x2 þ i2y1y2:

Considering the definition, i2 ¼ �1, we obtain the following:

4: z1z2 ¼ ðx1x2 � y1y2Þ þ iðx1y2 þ y1x2Þ:
Thus, the multiplication of two complex numbers z1 and z2 is the com-
plex number z ¼ xþ iy with the real and imaginary parts defined by
x ¼ x1x2 � y1y2 and y ¼ x1y2 þ y1x2, respectively. When the numbers z1
and z2 are real, i.e., y1 ¼ 0 and y2 ¼ 0, this operation is reduced to the
multiplication of real numbers, z1z2 ¼ x1x2. The set of complex numbers is
denoted by C.

Example 1.1

If z1 ¼ 1þ 2i and z2 ¼ 2� 3i, then the multiplication proceeds as

z1z2 ¼ ½2� 2ð�3Þ� þ i½�3þ 2ð2Þ� ¼ 8þ i:

The operation of multiplication together with the operations of addition
and subtraction is commutative, i.e.,

5: z2z1 ¼ ðx2x1 � y2y1Þ þ iðx2y1 þ y2x1Þ ¼ z1z2:

It is not difficult to see that for any real numbers k1 and k2 and complex
numbers z1, z2, and z3, the following holds:

5a: ðk1z1Þðk2z2Þ ¼ ðk1k2Þðz1z2Þ,
5b: z1ðz2 þ z3Þ ¼ z1z2 þ z1z3:

For a complex number z1 ¼ x1 þ iy1, the number z2 ¼ x1 � iy1 is called
the complex conjugate and denoted by z̄1. It is clear that ¯̄z1 ¼ z1 for any com-
plex number, and z̄1 ¼ z1, if only the number z1 is real. The operation of
conjugation z → z̄ is a linear operation, namely,
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6: z1 þ kz2 ¼ z̄1 þ kz̄2,

for any real number k and complex numbers z1 and z2.
The module jz1j of the complex number z1 is defined as the multiplication

z1z̄1, which according to multiplication can be written as

6a: z1z̄1 ¼ ðx1x1 þ y1y1Þ þ ið�x1y1 þ y1x1Þ ¼ x21 þ y21

and denoted as jz1j2. Therefore, jz1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q
and it is positive if z1 ≠ 0,

and it is clear that jz1j ≥ jx1j and jz1j ≥ jy1j. The number jz1j also is called the
length of z1.

In the general case, the following holds for the complex conjugate of the
multiplication:

6b: z1z2 ¼ ðx1x2 � y1y2Þ � iðx1y2 þ y1x2Þ ¼ z̄1z̄2:

The following equalities hold for multiplication:

jz1z2j2 ¼ ðz1z2Þðz1z2Þ ¼ ðz1z2Þðz̄1z̄2Þ ¼ ðz1z̄1Þðz2z̄2Þ ¼ jz1j2jz2j2:

Therefore, the length of the product of two complex numbers equals the
product of their lengths:

6c: jz1z2j ¼ jz1jjz2j:

Example 1.2

For the complex number z1 ¼ 3þ 4i, the length of the number is

jz1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 þ 42

p
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16
p ¼ 5:

The complex conjugate number z̄1 ¼ 3� 4i has the same length:

jz̄1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 þ ð�4Þ2

q
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16
p ¼ 5:

The property of triangle inequality holds for the complex numbers

6d: jz1 þ z2j ≤ jz1j þ jz2j:
The equality holds for the cases when one of the complex numbers is zero, or
z1 ¼ kz2 when k is real.

When z1 is an imaginary number, i.e., x1 ¼ 0, the square of the number is
z21 ¼ ðiy1Þ2 ¼ �y21 and therefore,

6e: z21 ¼ �jz1j2:
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Example 1.3

For the complex number z1 ¼ 4i, the length of the number is

jz1j ¼
ffiffiffiffiffi
42

p
¼ 4, jz1j2 ¼ 16, and z21 ¼ ð4iÞ2 ¼ 16i2 ¼ �16:

From the equation z1z̄1 ¼ jz1j2, the inverse number 1∕z1 is defined as

7: ðz1Þ�1 ¼ 1
z1

¼ 1
jz1j2

z̄1, when z1 ≠ 0:

Indeed, one can verify that ðz1Þ�1ðz1Þ ¼ ðz1Þðz1Þ�1 ¼ 1. Therefore, the opera-
tion of division of the complex numbers z2 and z1, if only z1 ≠ 0, is defined as

8:
z2
z1

¼ z2ðz1Þ�1 ¼ z2
1
z1

¼ z2
1

jz1j2
z̄1 ¼

1
jz1j2

z2z̄1 ¼
z2z̄1
jz1j2

:

Example 1.4

For the complex numbers z1 ¼ 3� 4i and z2 ¼ 2þ i, we have the following:

1
z1

¼ 1
3� 4i

¼ 1
ð32 þ 42Þ ð3� 4iÞ ¼ 1

25
ð3þ 4iÞ ¼ 3

25
þ i

4
25

and

z2
z1

¼ 2þ i
3� 4i

¼ 1
25

ð2þ iÞð3þ 4iÞ ¼ 1
25

ð2þ 11iÞ ¼ 2
25

þ i
11
25

:

In complex arithmetic [35, 36], we can solve Eqs. (1.1) to (1.3). For that,
we first consider the complex numbers z on the imaginary line, i.e., z ¼ iy.
The solution of equation z2 þ 1 ¼ 0, which for such complex numbers is
�y2 þ 1 ¼ 0, are z ¼ iðþ1Þ ¼ i and z ¼ ið�1Þ ¼ �i. Figure 1.3(a) shows a
graph of the parabola z2 þ 1 ¼ ðiyÞ2 þ 1, when iy runs the interval of
imaginary numbers ½�2i, 2i�. One can see that this parabola intersects the
horizontal at points þi and �i. Another parabola ðz� 1Þ2 þ 2 is shown in
Fig. 1.3(b). It should be noted that the graph of this parabola is calculated for
the complex numbers z ¼ 1þ iy when the imaginary components y run the
interval ½�2, 2�. Therefore, the plot is shown versus these complex numbers
z ¼ 1þ iy. This parabola intersects the horizontal line at two points,
z1 ¼ 1þ i

ffiffiffi
2

p
and z2 ¼ 1� i

ffiffiffi
2

p
.

1.1.1.1 Geometry of complex numbers

Every complex number z ¼ xþ iy can uniquely be presented as the point
ðx, yÞ on the real plane R2. In fact, this is another form of representing the
complex number. We denote this point by P ¼ PðzÞ, which has the Cartesian
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coordinates ðx, yÞ. The expression P ¼ xþ iy relates to complex arithmetic.

The distance between the original and P is dðPÞ ¼ jzj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2:

p
So, the

point P lies on the circle of radius r ¼ dðPÞ.
In the specific case where r ¼ 1, when point P lies on the unit circle, we

can write P as

P ¼ PðuÞ ¼ ðx, yÞ ¼ ðcos u, sin uÞ ¼ cos uþ i sin u,

where the imaginary unit i2 ¼ �1. The cosine and sine functions are
calculated by the known Taylor series,

cosðuÞ ¼ 1� u2

2!
þ u4

4!
� u6

6!
þ u8

8!
� u10

10!
þ · · · ,

sinðuÞ ¼ u� u3

3!
þ u5

5!
� u7

7!
þ u9

9!
� u11

11!
þ · · · :

Similarly, the point P̄ ¼ Pð�uÞ, which represents the complex conjugate
number z̄, can be written as

P̄ ¼ Pð�uÞ ¼ ðx, � yÞ ¼ ðcos u, � sin uÞ ¼ cos u� i sin u:

Both points P and P̄ are on the same circle of radius r ¼ dðPÞ ¼ dðP̄Þ.
Therefore,

PðuÞ þ Pð�uÞ ¼ 2 cos u,

PðuÞ � Pð�uÞ ¼ i2 sin u:

The function PðuÞ is denoted by eiu in honor of Euler, who used this function
and founded the above relations for the real and imaginary parts of eiu,

eiu þ e�iu ¼ 2 cos u, (1.4)

eiu � e�iu ¼ i2 sin u: (1.5)
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Figure 1.3 Graphs of (a) the parabola z2 þ 1 and (b) the parabola ðz � 1Þ2 þ 2.
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The point on the unit circle is completely described by the angle u. The
unit circle intersects the axes at the points

1 ¼ i 0, i ¼ i1, �1 ¼ i2, �i ¼ ði2Þi ¼ i3:

The points PðuÞ on the unit circle with u ¼ p,p∕2,p∕3, and p∕4 are the
following:

eip ¼ cosðpÞ þ i sinðpÞ ¼ �1þ i0 ¼ �1,

eip∕2 ¼ cosðp∕2Þ þ i sinðp∕2Þ ¼ 0þ i1 ¼ 1i ¼ i,

eip∕3 ¼ cosðp∕3Þ þ i sinðp∕3Þ ¼ 0.5þ i

ffiffiffi
3

p

2
¼ 0.5þ 0.8660i,

eip∕4 ¼ cosðp∕4Þ þ i sinðp∕4Þ ¼
ffiffiffi
2

p

2
þ i

ffiffiffi
2

p

2
¼ 0.7071þ 0.7071i:

Since i2n ¼ ð�1Þn and i2nþ1 ¼ ð�1Þni for integers n ¼ 0, 1, 2, . . . , the
Taylor series for the complex exponential function expðiuÞ can be obtained as

cosðuÞ þ i sinðuÞ ¼1þ ðiuÞ2
2!

þ ðiuÞ4
4!

þ ðiuÞ6
6!

þ ðiuÞ8
8!

þ ðiuÞ10
10!

þ · · ·

þ iuþ ðiuÞ3
3!

þ ðiuÞ5
5!

þ ðiuÞ7
7!

þ ðiuÞ9
9!

þ ðiuÞ11
11!

þ · · · ¼

eiu ¼
X̀
n¼0

ðiuÞn
n!

, ðconsidering 0! ¼ 1Þ:

In the general case, when point P lies on the circle of radius r, the point
can be represented as ðr, uÞ. This is the so-called polar form of representation
of P (as shown in Fig. 1.4) instead of P ¼ ðx, yÞ ¼ ðr cos u, r sin uÞ,

Figure 1.4 Point Pðr , uÞ on the complex plane C.
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P ¼ Pðr, uÞ ¼ reiu,

or we can simply write P ¼ ðr, uÞ. Here, the radius and angle are calculated as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

q
, and u ¼ arctan

y
x
¼ tan�1 y

x
,

and u ¼ arccosðyÞ ¼ �p∕2, if x ¼ 0. This angle u is also called the argument
of z and denoted by u ¼ argðzÞ. If point P lies in the left semi-plane,
calculation of angle u should be corrected by adding angle �p depending on
the sign of the imaginary part y.

Example 1.5

The complex number z ¼ 3þ 4i as the point PðzÞ ¼ ð3, 4Þ is described in the
polar form as ðr, uÞ ¼ ð5, 0.9273Þ. Indeed,

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 þ 42

p
¼ 5 and u ¼ arctan

4
3
¼ 0.9273 rad,

or

u ¼ 180
p

� arctan
4
3
¼ 53.1301°:

The polar form for the complex conjugate z̄ ¼ 3� 4i is Pðz̄Þ ¼ ð5, �0.9273Þ,

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 þ ð�4Þ2

q
¼ 5, and u ¼ arctan

�4
3

¼ �0.9273 rad,

or u ¼ �53.1301°.
Now, we describe the geometry of the multiplication of two complex

numbers z1 ¼ x1 þ iy1 and z2 ¼ x2 þ iy2. Considering these numbers as two-
dimension vectors

z1 ¼ ðx1, y1ÞT ¼
� x1
y1

�
and z2 ¼ ðx2, y2ÞT ¼

� x2
y2

�
,

the complex number z ¼ xþ iy ¼ z1z2 can be calculated in vector form as

z ¼
� x
y

�
¼ A

� x2
y2

�
¼

� x1 �y1
y1 x1

�� x2
y2

�
:

The determinant of the matrix A is detðAÞ ¼ x21 þ y21 and we consider the case
when detðAÞ ≠ 0. This matrix multiplication also can be written as

z ¼
� x
y

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q 0
@ x1ffiffiffiffiffiffiffiffiffi

x21þy21
p � y1ffiffiffiffiffiffiffiffiffi

x21þy21
p

y1ffiffiffiffiffiffiffiffiffi
x21þy21

p x1ffiffiffiffiffiffiffiffiffi
x21þy21

p

1
A� x2

y2

�
,
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or

z ¼
�
x
y

�
¼ jz1j

�
cos u1 �sin u1
sin u1 cos u1

��
x2
y2

�
:

Angle u1 is defined from the equations

cos u1 ¼
x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 þ y21

q and sin u1 ¼
y1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 þ y21

q :

The matrix

A ¼ Aðr1, u1Þ ¼ r1

�
cos u1 �sin u1
sin u1 cos u1

�

is the matrix of rotation by angle u1 around the circle of radius amplified by a
factor of r1 ¼ jz1j. Thus, when multiplying the complex number z2 by z1, the
point ðx2, y2Þ is rotated by angle u1 on a circle of radius r2 ¼ jz2j and then is
moved along its angle to another circle of radius r1r2. The result of multiplication
is the same if point ðx2, y2Þ is first moved along angle u2 ¼ tan�1ðy2∕x2Þ to the
circle of radius r1r2 and then rotated by angle u1 on this new circle.

Example 1.6

Consider the multiplication of two complex numbers z1 ¼ 2þ i and z2 ¼ 3� 4i.
The product z ¼ z1z2 ¼ ð2 · 3þ 1 · 4Þ þ ið�4 · 2þ 1 · 3Þ ¼ 10� 5i. In this case,

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 1

p
¼ ffiffiffi

5
p ¼ 2.2360, and angle u1 ¼ 0.4636 rad (or 26.5651°). The

second complex number is on the circle of radius r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 þ 42

p
¼ 5 along the

ray at angle u2 ¼ �0.9273 rad (or �53.1301°) to the horizontal axis. The
two points representing complex numbers z1 and z2 are shown in Fig. 1.5(a).
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Figure 1.5 Geometry of multiplication of two complex numbers: (a) rotation of the point z2
and (b) moving to another circle.
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The second point with the coordinate ð3, �4Þ is rotated counter-clockwise
to the point ð4.4720, �2.2360Þ, which is denoted by z02 in the figure and cal-
culated by�

4.4720
�2.2360

�
¼

�
cos u1 �sin u1
sin u1 cos u1

��
3

�4

�
¼

�
0.8944 �0.4472
0.4472 0.8944

��
3

�4

�
:

Then, this new point is moved along the angle u ¼ u1 þ u2 ¼ �0.4636 rad
(or �26.5651°) to the new circle of radius r ¼ r1r2 ¼ 11.1803, by multiplying
the coordinates of the point by r1 ¼

ffiffiffi
5

p
, as shown in Fig. 1.5(b). This new

point can be calculated as

Pðz1z2Þ ¼
ffiffiffi
5

p �
4.4720

�2.2360

�
¼

�
10
�5

�
:

Therefore, z1z2 ¼ 10� 5i and, indeed, r ¼ jz1z2j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 þ 52

p
¼ 11.1803. All

numbers in the above calculations are given with a precision of four digits
after the point.

Example 1.7

Consider the multiplication of the complex number z2 ¼ x2 þ iy2 by the
complex number z1 ¼ x1 þ iy1 ¼ 1þ i. In this case, x1 ¼ y1 ¼ 1 and the
complex number z ¼ z1z2 ¼ xþ iy can be calculated as

z ¼
� x
y

�
¼ A

� x2
y2

�
¼

�
1 �1
1 1

�� x2
y2

�
,

with the determinant of the matrix A equal to detðAÞ ¼ 2x1y1 ¼ 2. This
binary matrix A is well-known as a basic 2� 2 matrix of the Hadamard
and Fourier transformations. In this case, radius r1 ¼

ffiffiffi
2

p
and angle

u1 ¼ arctanð1Þ ¼ p∕4. The matrix

A ¼ Að
ffiffiffi
2

p
,p∕4Þ ¼

ffiffiffi
2

p �
cosðp∕4Þ �sinðp∕4Þ
sinðp∕4Þ cosðp∕4Þ

�

describes the rotation of point ðx2, y2Þ by an angle of p∕4 (in radians)

following the translation of the point from the circle of radius r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ y22

q
to the circle of radius

ffiffiffi
2

p
r2.

It is not difficult to see that the complex number z ¼ xþ iy ¼ z1z2 can
also be calculated in vector form with another matrix,

z ¼
� x
y

�
¼ A

� x1
y1

�
¼

� x2 �y2
y2 x2

�� x1
y1

�
:

Here, matrix A is defined by the second complex number z2 and can be
written as
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A ¼ Aðr2, u2Þ ¼ r2

�
cos u2 �sin u2
sin u2 cos u2

�
,

where radius r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ y22

q
and the angle u2 of rotation of point ðx1, y1Þ is

defined from the equations

cos u2 ¼
x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x22 þ y22

q and sin u2 ¼
y2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x22 þ y22

q :

In the multiplication z1z2 by this matrix, point ðx1, y1Þ can be rotated by
angle u2 on a circle of radius r1 ¼ jz1j and then moved to another circle of
radius r2r1.

1.1.2 Quaternion numbers

The operation of multiplication in complex arithmetic allows for division by
nonzero numbers. As shown in the previous sub-section, division is possible
because of the unique inverse complex number 1∕z, when z ≠ 0. If we try to
generalize the concept of complex numbers and define a new arithmetic, the
operation of multiplication must guarantee the existence of such inverse
numbers. The operations of multiplication and division are dual, meaning that
for any two complex numbers z1, z2 ≠ 0,

z1
z2

¼ 1
1
z1
z2

:

Let C be the complex plane with numbers that we denote by z ¼ aþ ib,
where a and b are real numbers, and i is the imaginary unit. We may consider
a different imaginary unit j and new numbers q in the form of

q ¼ zþ jc ¼ ðaþ ibÞ þ jc ¼ aþ bi þ jc,

where c is real. It is well known that for such numbers with three components
ða, b, cÞ, it is not possible to define the multiplication together with division.
For example, consider the simple imaginary number q ¼ i ¼ 0þ 1i þ 0j and
its inverse q�1 ¼ ðaþ ibþ jcÞ, if it exists, from the equation

ð0þ 1i þ 0jÞðaþ ibþ jcÞ ¼ 1:

We can write 1 ¼ iðaþ ibþ jcÞ ¼ iaþ i2bþ ijc ¼ ia� bþ ijc, or iaþ ijc ¼
1þ b and, therefore, a ¼ 0 and ijc ¼ 1þ b. If we multiply both parts of this
equality by i from the left, we obtain iðijcÞ ¼ ið1þ bÞ, or �jc ¼ ið1þ bÞ. This
is possible only if j ¼ �ið1þ bÞ∕c, but j should be a different imaginary unit,
not proportional to i. Thus, the inverse number to i does not exist in the
arithmetic of numbers aþ ibþ jc.
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The complex numbers z ¼ xþ iy represent the points ðx, yÞ in the complex
space C. Figure 1.6(a) shows such a plane. As shown above, adding one line to
the complex plane does not result in a full arithmetic with multiplication and
division. Instead, we may think of “adding” similar complex planes, formally
writing this operation as C þ jC, as shown in Fig. 1.6(b). For that, we can
imagine two complex planes; one complex plane C with numbers z1 ¼ x1 þ iy1
and another complex plane C with numbers z2 ¼ x2 þ iy2. If we assume
another imaginary unit j, then the following numbers can be considered:

q ¼ z1 þ jz2 ¼ ðx1 þ iy1Þ þ jðx2 þ iy2Þ: (1.6)

We can denote such a doubled complex space by C2 and call such repre-
sentation of numbers q the ð2, 2Þ-representation.

Thus, the complex numbers z1 and z2 in this construction play the same
role as the real numbers x and y in the complex numbers xþ iy. These new
numbers q can be written as

q ¼ x1 þ iy1 þ jx2 þ ðjiÞy2,
where the number ðjiÞ should represent another number, or may be a new
imaginary number unit, which will be denoted by k or �k, i.e., k ¼ ji or
�k ¼ ji. These numbers as elements of four (or “quaternion” in Latin) are
called quaternions and were first described by the Irish mathematician William
Hamilton (1805–1865) in Ref. [6].

1.1.3 Rules for multiplication

The new imaginary number j has been considered, and a new number k has
been defined as k ¼ ji. Now, we need to describe the multiplications among
the numbers i, j, and k. We assume that the operation of multiplication of

Figure 1.6 (a) The complex plane C and (b) the abstract combination of two complex
spaces.
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numbers q is associative, i.e., ðq1q2Þq3 ¼ q1ðq2q3Þ, for any numbers q1, q2,
and q3 of type

q ¼ x1 þ iy1 þ jx2 þ ky2: (1.7)

Also we assume that all such numbers q are commutative with real numbers l,
i.e., ql ¼ lq.

It is important to note that the multiplication of such numbers q is not
commutative, i.e., q1q2 ≠ q1q2, for many quaternions where q1 ≠ q2. Indeed,
we consider the number q ¼ 1þ i þ j. Then, the following calculations hold:

qi � qj ¼ ð1þ i þ jÞi � ð1þ i þ jÞj ¼ ði þ i2 þ jiÞ � ð j þ ij þ j2Þ
¼ ði � 1þ jiÞ � ð j þ ij � 1Þ ¼ i � j þ ji � ij,

or

qði � jÞ ¼ ði � jÞ þ ð ji � ijÞ:

If ij ¼ ji, then q ¼ 1, which is not true. Thus, ij ≠ ji, and it can similarly be
shown that jk ≠ kj and ik ≠ ki.

The following properties can also easily be obtained:
Since j2 ¼ �1,

jk ¼ jð jiÞ ¼ ð j2Þi ¼ �i,

jki ¼ jð jiÞi ¼ ð jjÞii ¼ �i2 ¼ 1,

ijk ¼ ijð jiÞ ¼ ið j2Þi ¼ �i2 ¼ 1,

ki ¼ ð jiÞi ¼ jði2Þ ¼ �j:

It is also true that

ðkiÞ2 ¼ �1 and ðkjÞ2 ¼ �1,

since

ðkiÞðkiÞ ¼ ð jiÞið jiÞi ¼ jðiiÞjðiiÞ ¼ jð�1Þjð�1Þ ¼ jj ¼ �1

ðkjÞðkjÞ ¼ ð jiÞjð jiÞj ¼ ð jiÞjjðijÞ ¼ �ð jiÞðijÞ ¼ �jðiiÞj ¼ jj ¼ �1:

It is clear that these equalities do not describe all rules of multiplication
from the left and right between the numbers i, j, and k. Since we have not yet
defined the multiplication ij, this system of equalities is incomplete; other
missing multiplications are ik, kj, and k2.

We know that ij ≠ ji, therefore, we can assume the following condition:

ij ¼ �ji, or ij ¼ �k:
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Then, we obtain the following equalities:

k2 ¼ kk ¼ ð jiÞð jiÞ ¼ ð�ijÞð jiÞ ¼ �ið jjÞi ¼ ii ¼ �1,

kj ¼ ð jiÞj ¼ �ðijÞj ¼ �ið jjÞ ¼ i,

ik ¼ ið jiÞ ¼ ið�ijÞ ¼ �ðiiÞj ¼ j:

It is also true that one of these equalities results in the equality ij ¼ �ji.
For instance, let k2 ¼ �1; then we obtain the following:

½ jiji ¼ �1� → ½ j · jiji ¼ �j� → ½ð jjÞiji ¼ �j� → ½iji ¼ j� → ½�ji ¼ ij�:

Thus, under the assumption that ij ¼ �ji, we obtain the following full set
of multiplication laws:

ij ¼ �ji ¼ �k, jk ¼ �kj ¼ �i,

ki ¼ �ik ¼ �j, i2 ¼ j2 ¼ k2 ¼ kji ¼ jik ¼ �1:

Together with multiplication by the real unit number 1, all of these basic
multiplications are shown in Table 1.1, which is referred to as the Tð1, j, i, kÞ
table; the order of imaginary units j, i, k shows that if we periodically extend
this triplet as j, i, k, j, i, then the result of multiplication of each of the two
numbers from left to right (right to left) is the next number with the plus
(minus) sign.

It should be noted that such a table of multiplications is not unique, and
we can use other tables. For instance, if we start with the condition ji ¼ �k,
we obtain the similar table Tð1, j, i, kÞ, which is shown in Table 1.2.

Table 1.1 Table Tð1, j, i, kÞ of the multiplications
of the four quaternion unit numbers.

1 i j k
1 1 i j k
i i �1 �k j
j j k �1 �i
k k � j i �1

Table 1.2 Table Tð1, i, j, kÞ of the multiplications
of the four quaternion unit numbers

1 i j k
1 1 i j k
i i �1 k � j
j j �k �1 i
k k j �i �1
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The three imaginary units i, j, and k satisfy the following multiplication
laws:

ij ¼ �ji ¼ k, jk ¼ �kj ¼ i,

ki ¼ �ik ¼ j, i2 ¼ j2 ¼ k2 ¼ ijk ¼ �1:
(1.8)

In these two tables, the unit i is changed by j and j is changed by i. We will
stand on Tð1, i, j, kÞ since this table is most often used in quaternion
arithmetic. The multiplication of quaternion numbers, which is based on this
table of rules, is called the left multiplication of quaternions.

1.1.4 Basic operations

We consider the arithmetical operations with quaternion numbers. Thus, a
quaternion number is represented as

q ¼ aþ bi þ cj þ dk ¼ aþ ðbi þ cj þ dkÞ,

where a, b, c, and d are real numbers. The number a is called the real part of q,
and ðbi þ cj þ dkÞ is the “imaginary” part of q. The quaternion q has a three-
component imaginary part, which we denote by q0, such that

q ¼ aþ q0 ¼ aþ ðbi þ cj þ dkÞ ¼ aþ ðibþ jcþ kdÞ:

Other notations for the real and imaginary components are Sq and Vq,
respectively, i.e., Sq ¼ a, Vq ¼ q0, and q ¼ Sqþ Vq.

In the cases when q0 ¼ ib, jc, and kd, the numbers q ¼ aþ ib, q ¼ aþ jc,
and q ¼ aþ kd can be considered as complex numbers. The zero quaternion
is 0þ 0i þ 0j þ 0k ¼ 0, and the unity element is 1þ 0i þ 0j þ 0k ¼ 1.

Now, we describe the arithmetic of quaternion numbers, i.e., the main
operations that include the sum, multiplication by a real constant, and
multiplication and division of quaternion numbers.

The sum of two quaternions q1 ¼ a1 þ q01 ¼ a1 þ ðib1 þ jc1 þ kd1Þ and
q2 ¼ a2 þ q02 ¼ a2 þ ðib2 þ jc2 þ kd2Þ is defined as

1: q ¼ q1 þ q2 ¼ aþ q0 ¼ ða1 þ a2Þ þ ðq01 þ q02Þ ¼ aþ ðbi þ cj þ dkÞ,

and b ¼ b1 þ b2, c ¼ c1 þ c2, and d ¼ d1 þ d2. Therefore, this operation is
defined to be component-wise and commutative:

1a: q ¼ q1 þ q2 ¼ q2 þ q1:

For any real number l,

2: lq ¼ laþ lq0 ¼ laþ ðilbþ jlcþ kldÞ:
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If a ¼ 0, the quaternion q is called a pure quaternion number:

q ¼ 0þ ðibþ jcþ kdÞ:
The multiplication q1q2 of two quaternions q1 and q2 is calculated

according to Table 1.2 of multiplication as

3: q ¼ q1q2 ¼ ða1 þ q01Þða2 þ q02Þ ¼ a1a2 þ a1q02 þ a2q01 þ q01q
0
2

and can be expanded as

q ¼ a1a2 þ a1q02 þ a2q01 þ ðib1 þ jc1 þ kd1Þðib2 þ jc2 þ kd2Þ
¼ a1q02 þ a2q01 þ a1a2 � ðb1b2 þ c1c2 þ d1d2Þ
þ iðc1d2 � d1c2Þ � jðb1d2 � d1b2Þ þ kðb1c2 � c1b2Þ:

This multiplication q ¼ q1q2 can also be written as

q ¼ ½a1q02 þ a2q01� þ a1a2 � ðb1b2 þ c1c2 þ d1d2Þþ
						
i j k
b1 c1 d1
b2 c2 d2

						: (1.9)

Example 1.8

Consider two quaternions q1 ¼ 1� 2i þ 3j þ k and q2 ¼ 1� i þ 4j þ 3k. The
multiplication q ¼ q1q2 is calculated as follows.

(1). The imaginary components of these numbers are q01 ¼ �2i þ 3j þ k
and q02 ¼ �i þ 4j þ 3k; therefore,

a1q02 þ a2q01 ¼ 1 · ð�2i þ 3j þ kÞ þ 1 · ð�i þ 4j þ 3kÞ ¼ �3i þ 7j þ 4k:

(2). The real part of the multiplication is

a1a2 � ðb1b2 þ c1c2 þ d1d2Þ ¼ 1� ½�2ð�1Þ þ 3ð4Þ þ 1ð3Þ� ¼ 1� 17 ¼ �16:

(3). The quaternion determinant equals						
i j k

�2 3 1
�1 4 3

						 ¼ ið9� 4Þ � jð�6þ 1Þ þ kð�8þ 3Þ ¼ 5i þ 5j � 5k:

(4). Therefore, the quaternion number q ¼ q1q2 equals

q ¼ q1q2 ¼ ð�3i þ 7j þ 4kÞ � 16þ ð5i þ 5j � 5kÞ ¼ �16þ ð�2i þ 12j � kÞ:

It is not difficult to check that the multiplication of these two numbers is not
commutative:
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q1q2 ≠ q2q1 ¼ �16þ ð�8i þ 2j þ 9kÞ:
Below is the script of the MATLAB®-based code “test_example.m” for

this example. It uses function “mult2qs_direct” to multiply two quaternions.

%--------------------------------------------------
% test_example.m / with function mult2qs_direct(q1,q2)
% multiplication of two quaternion numbers

q1¼ [1,�2,3,1]; q2¼[1,�1,4,3];
q¼mult2qs_direct(q1,q2); % �16 2 12 �1

%--------------------------------------------------
function q ¼ mult2qs_direct(q1,q2)

a1¼q1(1); b1¼q1(2); c1¼q1(3); d1¼q1(4);
a2¼q2(1); b2¼q2(2); c2¼q2(3); d2¼q2(4);
Q1¼q1(2:4); Q2¼q2(2:4); % imaginary parts

%
Q12¼a1*Q2 þ a2*Q1; % �3 7 4
a¼a1*a2-Q1*Q2’; % 1�17¼ �16
bi¼(c1*d2�d1*c2); % 5
cj¼-(b1*d2�d1*b2); % 5
dk¼(b1*c2�c1*b2); % �5

%
b¼Q12(1) þ bi; % 2
c¼Q12(2) þ cj; % 12
d¼Q12(3) þ dk; % �1
q¼[a,b,c,d]; % �16 2 12 �1

%--------------------------------------------------

4. When q1 and q2 are the quaternions with only one and the same
imaginary units, for instance, q1 ¼ a1 þ jc1 and q2 ¼ a2 þ jc2, the operation of
multiplication q1q2 is complex multiplication. Indeed, the following holds:

q01 ¼ jc1, q02 ¼ jc2, q01 � q01 ¼
						
i j k
0 c1 0
0 c2 0

						 ¼ 0,

and

q1q2 ¼ ½a1ð jc2Þ þ a2ð jc1Þ� þ a1a2 � c1c2 ¼ ða1a2 � c1c2Þ þ jða1c2 þ a2c1Þ:
If q01 ¼ 0 and q02 ¼ 0, then

5: q1q2 ¼ ða1 þ q01Þða2 þ q02Þ ¼ a1a2:

For any real numbers l1 and l2,
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6: ðl1q1Þðl2q2Þ ¼ l1l2ðq1q2Þ:
The quaternion multiplication is distributive:

7: q1ðq2 þ q3Þ ¼ q1q2 þ q1q3 and ðq1 þ q2Þq3 ¼ q1q3 þ q2q3,

and associative by multiplication:

8: ðq1q2Þq3 ¼ q1ðq2q3Þ:

1.1.5 Properties of multiplication of quaternions

In this section we consider a few properties of the operation of multiplication
in quaternion arithmetic.

P1. It is important to mention that the property of commutativity does
not hold in quaternion algebra; i.e., for quaternions q1 ¼ a1 þ q01 and
q2 ¼ a2 þ q02,

q1q2 ¼ q2q1 or q1q2 ≠ q2q1,

because of the imaginary units, ij ¼ �k ≠ ji ¼ k, and so on. It can also be
seen from Eq. (1.9) that

q2q1 ¼ ½a2q01 þ a1q02� þ a2a1 � ðb2b1 þ c2c1 þ d2d1Þ þ
						
i j k
b2 c2 d2
b1 c1 d1

						
and therefore,

q1q2 � q2q1 ¼ 2

						
i j k
b1 c1 d1
b2 c2 d2

						: (1.10)

The multiplication of a quaternion number q1 by a real number l is com-
mutative, i.e., lq1 ¼ q1l.

When the quaternion vectors q01 and q02 are similar, i.e., q02 ¼ lq01, where l
is a real number, then

q2q1 ¼ q1q2 ¼ ða2 þ a1lÞq01 þ a2a1 � lðb21 þ c21 þ d2
1Þ:

P2. In the case when q1 ¼ q2, we obtain the following for the square of the
quaternion:

q ¼ q21 ¼ ½a21 � ðb21 þ c21 þ d2
1Þ� þ 2a1q01: (1.11)

The real part of the square is the number a ¼ a21 � ðb21 þ c21 þ d2
1Þ, and the

imaginary part is 2a1q01. If q1 is a pure quaternion, i.e., a1 ¼ 0, then
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q21 ¼ ðq01Þ2 ¼ �ðb21 þ c21 þ d2
1Þ ≤ 0: (1.12)

Thus, for a quaternion number q ¼ aþ q0 ¼ aþ ðibþ jcþ kdÞ,
q2 ¼ a2 � jq0j2 þ 2aq0, (1.13)

and therefore, the equations of type q2 ¼ 4 . 0 cannot be solved, if q0 ≠ 0.
The equations of type q2 ¼ �4 , 0 can be solved in quaternion numbers,
since in this case a ¼ 0 and we have the condition q2 ¼ �jq0j2 ¼ �4, or
jq0j2 ¼ 4. The number q ¼ q0 as a point ðb, c, dÞ is on the sphere of radius 2 in
three-dimensional (3-D) space. Such points on this sphere are, for instance,
ð2, 0, 0Þ, ð0, 2, 0Þ, ð0, 0, �2Þ, ð ffiffiffi

2
p

,
ffiffiffi
2

p
, 0Þ, and ð1, 1, ffiffiffi

2
p Þ. In other words, the

solutions of the equation q2 ¼ �4 include the quaternion numbers
q ¼ 2i þ 0j þ 0k, 0i þ 2j þ 0k, 0i þ 0j � 2k,

ffiffiffi
2

p ði þ jÞ þ 0k, and i þ j þ ffiffiffi
2

p
k.

Example 1.9

Consider the solution of the equation

q21 ¼ 1þ 2i þ 4j:

It directly follows from Eq. (1.11) that the following system of equations
should be considered: 


a21 � ðb21 þ c21 þ d2
1Þ ¼ 1,

a1q01 ¼ i þ 2j:

Therefore, d1 ¼ 0, and this system of equations is reduced to the following
one: 8<

:
a21 � ðb21 þ c21Þ ¼ 1,
a1b1 ¼ 1,
a1c1 ¼ 2,

and, therefore, q ¼ a1 þ ð1∕a1Þi þ ð2∕a1Þj. To find a1, we need to solve the
equation

a21 �
�
1
a21

þ 4
a21

�
¼ 1:

Two solutions of this equation ða21Þ2 � ða21Þ � 5 ¼ 0 are

a21 ¼
1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 20
p

2
¼ 1� ffiffiffiffiffi

21
p

2
,

and since we are looking for real a1, we obtain
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a21 ¼
1þ ffiffiffiffiffi

21
p

2
, a1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ffiffiffiffiffi

21
p

2

s
:

Thus, the solutions of the above equation are

q ¼ a1 þ
i
a1

þ 2j
a1

¼ a1 þ
1
a1

ði þ 2jÞ

¼ �

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ffiffiffiffiffi

21
p

2

s
þ

ffiffiffi
2

p

1þ ffiffiffiffiffi
21

p ði þ 2jÞ

3
75 ¼ �½1.6707þ 0.5985ði þ 2jÞ�:

If the square q21 is a real number, then 2a1q01 ¼ 0, which means that a1 ¼ 0
or q01 ¼ 0. In the first case, the square is negative:

q ¼ q21 ¼ �ðb21 þ c21 þ d2
1Þ , 0:

The square of any pure quaternion is a negative number. In the second case,
we have q ¼ a21 . 0. The square of the quaternion number is positive only if
the number is real.

Example 1.10

Consider the first equation of this chapter in quaternion arithmetic:

q2 þ 1 ¼ 0: (1.14)

For a solution q ¼ aþ q0 ¼ aþ ðibþ jcþ kdÞ of this equation, we obtain the
following:

a2 � jq0j2 þ 1þ 2aq0 ¼ 0,

where jq0j2 ¼ b2 þ c2 þ d2. The imaginary part of the expression of this
equation is zero; therefore, a ¼ 0 and the equation is reduced to the equation
jq0j2 ¼ 1. All solutions of this equation q ¼ q0 ¼ ðibþ jcþ kdÞ as points
ðb, c, dÞ are on the unit sphere b2 þ c2 þ d2 ¼ 1. Thus, the solutions of
Eq. (1.14) are pure unit quaternion numbers. The case when c ¼ d ¼ 0
corresponds to the complex solutions q ¼ i and q ¼ �i.

The solutions of the general equation

q2 þ y2 ¼ 0, (1.15)

where y is a positive number, can be obtained from the solutions of
Eq. (1.14), �

q
y

�
2
þ 1 ¼ 0:
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Thus, q∕y ¼ ibþ jcþ kd, where b2 þ c2 þ d2 ¼ 1, or we can write q ¼ iybþ
jycþ kyd. The solutions q are pure quaternions with length jqj ¼ y.
Presenting such quaternions as points ðyb, yc, ydÞ, they are in the sphere of
radius y.

Example 1.11

Consider all solutions q ¼ aþ q0 of the equation

q2 � qþ 2 ¼ 0: (1.16)

This equation can be written as

½2aq0 þ a2 þ ðq0Þ2� � ðaþ q0Þ þ 2 ¼ 0,

or

½a2 � aþ ðq0Þ2 þ 2� þ q0ð2a� 1Þ ¼ 0,

and it can reduced to the following system of equations:

q0ð2a� 1Þ ¼ 0,
a2 � aþ ðq0Þ2 þ 2 ¼ 0:

If q0 ¼ 0, then we do not get a real solution from the equation a2 � aþ 2 ¼ 0.
Therefore, we consider the a ¼ 1∕2 case, for which we obtain the condition

b2 þ c2 þ d2 ¼ �ðq0Þ2 ¼ a2 � aþ 2 ¼ 1
4
� 1

2
þ 2 ¼ 7

4
:

Thus, a solution q in Eq. (1.16) is of the form q ¼ 1∕2þ q0, where point
q0 ¼ ðb, c, dÞ is on a sphere of radius r ¼ ffiffiffi

7
p

∕2. Such solutions are, for
instance,

q1¼
1
2
þ i

ffiffiffi
7

p

2
, q2¼

1
2
� j

ffiffiffi
7

p

2
, q3¼

1
2
� iþ j

ffiffiffi
2

p

2
þk

1
2
, q4¼

1
2
þði� jÞ

ffiffiffi
2

p

2
þk

ffiffiffi
3

p

2
:

The numbers q1 and q2 are only solutions of the equation in complex
arithmetic, and q3 and q4 are full quaternion numbers. A sphere with the
points marked q2, q3, and q4 is shown in Fig. 1.7. This sphere contains all
solutions of the equation q2 � qþ 2 ¼ 0, which are pure quaternions.

Example 1.12 Equation of the golden ratio
Consider all solutions q ¼ aþ q0 of the following equation:

q2 � q� 1 ¼ 0: (1.17)

This equation can be written as

½a2 � aþ ðq0Þ2 � 1� þ q0ð2a� 1Þ ¼ 0,
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and it can reduced to the following system of equations:



q0ð2a� 1Þ ¼ 0,
a2 � aþ ðq0Þ2 � 1 ¼ 0:

We consider two cases, when q0 ¼ 0 and when q0 ≠ 0.
In the first case, we obtain two real solutions of the equation

a2 � a� 1 ¼ 0 :

a1 ¼ F ¼ 1þ ffiffiffi
5

p

2
and a2 ¼ w ¼ 1� ffiffiffi

5
p

2
:

The number F ¼ 1.6180339887498948 . . . is known as the golden ratio, or the
golden mean. The second solution is w ¼ 1�F ¼ �0.6180339887498948 . . . .

Figure 1.8 illustrates these two solutions as the points of intersection of the
line y ¼ xþ 1 with the parabola y ¼ x2. The first point (from the left) of the
intersection is w ¼ 1�F, and the second point is F.

In the second case when a ¼ 1∕2, we obtain the following “condition” for
the imaginary part of q to be considered:

jq0j2 ¼ �ðq0Þ2 ¼ a2 � a� 1 ¼ 1
4
� 1

2
� 1 ¼ � 5

4
:

A length of the vector cannot be negative.
Thus, in 3-D space of pure quaternions, the equation q2 � q� 1 ¼ 0 is

unsolvable. The only solutions of an equation such as a2 � a� 1 ¼ 0 are in
the real line, and these solutions are related to the golden ratio. This example
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Figure 1.7 A sphere of radius
ffiffiffi
7

p
∕2 in the space of quaternion vectors.
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differs from Example 1.11, where the consideration of the equation in
quaternion arithmetic results in not only known complex solutions but the
entire sphere of radius

ffiffiffi
7

p
∕2. The golden ratio equation is unique in the sense

that it is solvable only in the real line.
As is well known, the golden ratio had originally been defined as a ratio of

two real numbers b and a (when b . a), such that (see Fig. 1.9)

bþ a
b

¼ b
a
, (1.18)

or ðbþ aÞb�1 ¼ ba�1. Therefore, we can write this condition as 1þ ab�1 ¼
ba�1, or ba�1 � ab�1 ¼ 1. After denoting x ¼ ba�1, we obtain the equation
x� x�1 ¼ 1, or x2 � x� 1 ¼ 0.

In quaternion arithmetic, the ratios ðbþ aÞ∕b and b∕a in Eq. (1.18) can be
considered as divisions from the left or divisions from the right. In other
words, instead of one equation in the real case, we have two equations for
quaternion numbers,

ðbþ aÞb�1 ¼ ba�1 or ba�1 � ab�1 ¼ 1,

b�1ðbþ aÞ ¼ a�1b, or a�1b� b�1a ¼ 1,

which are different, since the operation of multiplication of quaternions is not
commutative. In both cases, these equations can be reduced to q2 � q� 1 ¼ 0,
when q ¼ ba�1 and a�1b, respectively.
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Figure 1.8 The line y ¼ x þ 1 and the parabola y ¼ x2 in the real plane R2.

Figure 1.9 Triangles with the golden ratio property.
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We consider the two quaternions q1 ¼ a1 þ ib1 þ jc1 þ kd1 and
q2 ¼ a2 þ ib2 þ jc2 þ kd2 to be in the golden ratio if all components of these
numbers have the golden ratio. Namely, let q2 . q1, meaning that a2 . a1,
b2 . b1, c2 . c1, and d2 . d1. We assume the golden ratio for the components

a2
a1

¼ b2
b1

¼ c2
c1

¼ d2

d1
¼ F:

Then,

q2 þ q1
q2

¼ ð1þFÞq1
Fq1

¼ ð1þFÞ
F

¼ F ¼ q2
q1

,

since 1þF ¼ F2.
It should be noted that the golden ratio was first introduced for the real

numbers a and b, and the ratio itself concerns the ratio of the lengths aþ b, b,
and a, which are real and positive. This means that we should apply this
concept to the lengths of the numbers. The quaternion number q ¼ aþ q0 has
the real and imaginary parts with lengths jaj and jq0j, respectively. The length
of the quaternion is jqj, and we know that jqj ≤ jaj þ jq0j. Let us assume that
jaj , jq0j and these two parts are in the golden ratio, i.e., jq0j ¼ Fjaj. Then,

jqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ jq0j2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þF2Þa2

q
¼ jaj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þF2

p
¼ jaj

ffiffiffiffiffiffiffiffiffiffiffiffi
2þF

p
:

Thus, for such a quaternion q, the imaginary part q0 can be considered as a
point ðb, c, dÞ on a sphere of radius Fjaj:

b2 þ c2 þ d2 ¼ F2a2, or
�
b
a

�
2
þ
�
c
a

�
2
þ
�
d
a

�
2
¼ F2:

The numberF2 ¼ Fþ 1 ¼ 2.6180339887498948 . . . . The point ðb∕a, c∕a, d∕aÞ
is on the sphere of the radius F. If the quaternion q is a complex number,
i.e., q0 ¼ ib, then this condition can be written as b ¼ �aF. Thus,

q ¼ aþ iaF ¼ að1þ iÞF, or q ¼ a� iaF ¼ að1� iÞF:

If jaj . jq0j and these two parts are in the golden ratio, i.e., jaj∕jq0j ¼ F,

jqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ jq0j2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ w2Þa2

q
¼ jaj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ w2

q
¼ jaj

ffiffiffiffiffiffiffiffiffiffiffiffi
2þ w

p
:

Here, we consider 1∕F ¼ �w. Thus, the imaginary part q0 of the quaternion q
can be considered as point ðb, c, dÞ on a sphere of radius jawj:

b2 þ c2 þ d2 ¼ a2w2, or
�
b
a

�
2
þ
�
c
a

�
2
þ
�
d
a

�
2
¼ w2,

where w2 ¼ wþ 1 ¼ 0.3819660112501052 . . . .
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Now, we generalize the results of the above two examples. When
considering the polynomial equation

q2 þ 2lqþ v ¼ 0 (1.19)

with real coefficients l and v, we can separate the two cases when the dis-
criminant of the equation D ¼ ðl2 � vÞ is negative and non-negative.

Case D , 0: The equation

z2 þ 2lzþ v ¼ 0

has two solutions,

z1,2 ¼ �l�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � v

p
¼ �l� i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
v� l2

p
,

where i is the complex imaginary unit. The transformation of this equation
into the space of quaternion numbers enlarges the set of solutions. Indeed,
Eq. (1.19) can be written as

q2 þ 2lqþ v ¼ ða2 � jq0j2 þ 2aq0Þ þ 2lðaþ q0Þ þ v ¼ 0

and reduced to the system of equations

a2 � jq0j2 þ 2alþ v ¼ 0
ðaþ lÞq0 ¼ 0:

(1.20)

The q0 ¼ 0 case is not considered since the equation a2 þ 2alþ v ¼ 0 is
not solvable in real numbers. Therefore, we consider the aþ l ¼ 0 case,
i.e., when a ¼ �l. From the first equation of Eq. (1.20), we obtain

jq0j2 ¼ a2 þ 2alþ v ¼ l2 � 2l2 þ v ¼ v� l2 ¼ �D . 0:

Thus, the solutions of Eq. (1.19) are all quaternion numbers of type

q ¼ �lþ q0, such that jq0j ¼
ffiffiffiffiffiffiffi
�D

p
:

The imaginary parts of these solutions are on a 3-D sphere of radius r ¼ ffiffiffiffiffiffiffi�D
p

.
In Example 7, which concerns the equation q2 � qþ 2 ¼ 0, the numbers
l ¼ �1∕2 and v ¼ 2. Therefore,�D ¼ v� l2 ¼ 2� 1∕4 ¼ 7∕4, and r ¼ ffiffiffi

7
p

∕2.
Case D ≥ 0: The equation

x2 þ 2lxþ v ¼ 0
has the real solutions

x1,2 ¼ �l�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � v

p
¼ �l�

ffiffiffiffi
D

p
:
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These two solutions relate to the q0 ¼ 0 case in Eq. (1.20). The condition
q0 ≠ 0, or aþ l ¼ 0, leads to the equality jq0j2 ¼ v� l2 ¼ �D ≤ 0, which may
only be satisfied for q0 ¼ 0. Thus, as in Example 9, quaternion arithmetic does
not give a new solution of the quadratic equation that is solvable in real
numbers.

P3. The quaternion conjugate of q ¼ aþ q0 ¼ aþ ðbi þ cj þ dkÞ is the
quaternion

q̄ ¼ a� ðbi þ cj þ dkÞ,
such that

qq̄ ¼ ½aþ ðbi þ cj þ dkÞ�½a� ðbi þ cj þ dkÞ� ¼ a2 þ b2 þ c2 þ d2 ≥ 0:

The operation of complex conjugate is linear, i.e.,

ðq1 þ q2Þ ¼ q̄1 þ q̄2:

Indeed, the following calculations hold: q1 þ q2 ¼ ða1 þ q01Þ þ ða2 þ q02Þ ¼
ða1 þ a2Þ þ ðq01 þ q02Þ; therefore,

q1 þ q2 ¼ ða1 þ a2Þ � ðq01 þ q02Þ ¼ ða1 � q01Þ þ ða2 � q02Þ ¼ q̄1 þ q̄2:

For any real number l,

lq ¼ lq̄:

It follows from Eq. (1.9) that the quaternion conjugate of multiplication
q1q2 equals

q1q2 ¼ �½a1q02 þ a2q01� þ a1a2 � ðb1b2 þ c1c2 þ d1d2Þ �
						
i j k
b1 c1 d1
b2 c2 d2

						 (1.21)

and

q̄2q̄1 ¼ �½a1q02 þ a2q01� þ a1a2 � ðb1b2 þ c1c2 þ d1d2Þ þ
						
i j k
b2 c2 d2
b1 c1 d1

						:
Thus, q1q2 ¼ q̄2q̄1 and might not equal q̄1q̄2.

Example 1.13

Consider two quaternion numbers q1 ¼ 1þ i � 2j þ k and q2 ¼ 1þ 2i�
j � k. The following holds for the conjugate of multiplication:

q1q2 ¼ ð1þ i � 2j þ kÞð1þ 2i � j � kÞ ¼ �2þ 6i þ 3k ¼ �2� 6i � 3k
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and q̄2q̄1 ¼ �2� 6i � 3k. The multiplication of their conjugate numbers
q̄1 ¼ 1� i þ 2j � k and q̄2 ¼ 1� 2i þ j þ k equals

q̄1q̄2 ¼ ð1� i þ 2j � kÞð1� 2i þ j þ kÞ ¼ �2þ 6j þ 3k:

P4. The module of the quaternion q equals

jqj ¼ ffiffiffiffiffi
qq̄

p ¼ ffiffiffiffiffi
q̄q

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2 þ d2

p
:

In the particular case, when q ¼ q0, the module jq0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c2 þ d2

p
. In

general, jqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ jq0j2

p
and jqj ≥ jq0j.

It is not difficult to see that the following holds for the operation of the
quaternion conjugate:

q ¼ q,

and

qþ q̄ ¼ 2a, q� q̄ ¼ 2q0 ¼ 2ðbi þ cj þ dkÞ:

The following calculations are valid:

jq1q2j2 ¼ ðq1q2Þq1q2 ¼ ðq1q2Þðq̄2q̄1Þ ¼ q1jq2j2q̄1 ¼ jq2j2ðq1q̄1Þ ¼ jq2j2jq1j2:

Thus,

jq1q2j ¼ jq2jjq1j ¼ jq1jjq2j:

It is not difficult to show the property of triangle inequality,

jq1 þ q2j ≤ jq1j þ jq2j:

To do so, it is enough to prove that for any quaternion
q ¼ aþ ðibþ cd þ kdÞ, the inequality jqþ 1j ≤ jqj þ 1 holds. The following
calculations hold:

jqþ 1j2 ¼ ðqþ 1Þðq̄þ 1Þ ¼ jqj2 þ 1þ ðqþ q̄Þ ¼ jqj2 þ 1þ 2a

≤ jqj2 þ 1þ 2jaj ≤ jqj2 þ 1þ 2jqj ¼ ðjqj þ 1Þ2:

P5. The inverse q�1 to the quaternion q ≠ 0 is defined as the quaternion
number such that q�1q ¼ 1. This is the inverse number when multiplying q
from the left and is defined (from the definition q̄q ¼ jqj2) as the multi-
plication of the quaternion q by the real number

q�1 ¼ 1
jqj2 q̄:
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The inverse from the left and right are the same, i.e., qq�1 ¼ q�1q ¼ 1. Note
that if q is a unit quaternion, i.e., jqj ¼ 1, then q�1 ¼ q̄.

Example 1.14

Consider the quaternion number q ¼ 1þ 2i � 3j þ 4k. Then, q̄ ¼ 1� 2iþ
3j � 4k, and the inverse q�1 is calculated as

ð1þ2i�3jþ4kÞ�1¼ 1
1þ22þ32þ42

ð1�2iþ3j�4kÞ¼ 1
30

ð1�2iþ3j�4kÞ:

The following property holds for the inverse of multiplication:

ðq1q2Þ�1 ¼ 1
jq1q2j2

q1q2 ¼
1

jq1j2jq2j2
q̄2q̄1 ¼

q̄2
jq2j2

q̄1
jq1j2

¼ ðq2Þ�1ðq1Þ�1:

In the particular case when q1 ¼ q2, we obtain ðq21Þ�1 ¼ ðq�1
1 Þ2.

P6. Multiplication is not a commutative operation; therefore, the
operation of division of one quaternion q1 by another q2 ≠ 0 is considered
when solving one of the following two equations:

q1 ¼ q2q and q1 ¼ qq2:

For division from the left, multiplication of the equality q1 ¼ q2q by q̄2 from
the left results in

q̄2q2q ¼ q̄2q1 or jq2j2q ¼ q̄2q1:

Therefore, we obtain the solution

q ¼ 1
jq2j2

q̄2q1:

We can denote this division operation from the left as

q ¼ ql ¼
1
q2

q1:

Similarly, after multiplying both sides of equation q1 ¼ qq2 by q̄2 from the
right, we obtain the solution of this equation, which equals

q ¼ 1
jq2j2

q1q̄2 ¼ q1
1

jq2j2
q̄2:

We can denote this division from the right by

q ¼ qr ¼ q1
1
q2

:
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The divisions from the right and left are the same if q̄2q1 ¼ q1q̄2, which
can also be written as q̄1q2 ¼ q2q̄1.

Example 1.15

Consider two quaternions q1 ¼ 1þ i þ k and q2 ¼ 1þ 2i � j þ k. The left and
right divisions of q1 by q2 are calculated as

ql ¼
1

jq2j2
q̄2q1 ¼

1
1þ 4þ 1þ 1

ð1� 2i þ j � kÞð1þ i þ kÞ ¼ 1
7
ð4þ 2j � kÞ

and

qr ¼
1

jq2j2
q1q̄2 ¼

1
1þ 4þ 1þ 1

ð1þ i þ kÞð1� 2i þ j � kÞ ¼ 1
7
ð4� 2i þ kÞ:

We can see that these two numbers are different.
Below is the script of the MATLAB-based code “test_example10.m” to

calculate the division of two quaternion numbers for this example.

%----------------------------------------------
% test_example10.m

q1¼[1,1,0,1]; % q1¼1þiþ0jþk
q2¼[1,2,�1,1]; % q2¼1þ2i-jþk
q2c¼[q2(1),�q2(2:4)]; % conjugate to q2
q2m¼q2*q2’; % |q2|^2¼7

%-------------- Left Division (ql) -------------
q2c1¼ mult2qs_direct(q2c,q1); % 4 0 2 �1
ql¼(1/q2m)*q2c1; % 0.5714 0 0.2857 �0.1429

% checking the result
mult2qs_direct(q2,ql); % 1 1 0 1 (q1)

%-------------- Right Division (qr) -------------
q12c¼mult2qs_direct(q1,q2c); % 4 �2 0 1
qr¼(1/q2m)*q12c; % 0.5714 �0.2857 0 0.1429

% checking the result
mult2qs_direct(qr,q2); % 1 1 0 1 (q1)

%----------------------------------------------

P7. It directly follows from Eq. (1.9) that if the numbers q1 and q2 are pure
quaternions, i.e., a1 ¼ a2 ¼ 0, then

q ¼ q1q2 ¼ �ðb1b2 þ c1c2 þ d1d2Þ þ
						
i j k
b1 c1 d1
b2 c2 d2

						: (1.22)

When q1 ¼ q2, we obtain from this Eq. (1.22) the following:
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ðq1Þ2 ¼ �ðb21 þ c21 þ d2
1Þþ

						
i j k
b1 c1 d1
b1 c1 d1

						 ¼ �ðb21 þ c21 þ d2
1Þ ¼ �jq1j2: (1.23)

Therefore, for the pure unit quaternion q1, i.e., jq1j ¼ 1, its square q21 ¼ �1.
P8. For any two pure quaternion numbers q1 and q2, the following holds:

q1q2 � q2q1 ¼ 2

						
i j k
b1 c1 d1
b2 c2 d2

						,
and this difference is zero (or q1q2 ¼ q2q1) only if q1 and q2 are similar,
i.e., q2 ¼ Aq2, where A is a real number.

P9. We also use the notation q ¼ qe þ iqi þ jqj þ kqk for the quaternion
number q ¼ aþ bi þ cj þ dk, i.e., qe ¼ a, qi ¼ b, qj ¼ c, and qk ¼ d. The
quaternion q can be considered as a vector

q ¼ ðqe, qi, qj, qkÞT ¼ ða, b, c, dÞT

in four-dimensional real space R4, when the basic vectors of this space are
e ¼ ð1, 0, 0, 0ÞT , i ¼ ð0, 1, 0, 0ÞT , j ¼ ð0, 0, 1, 0ÞT , and k ¼ ð0, 0, 0, 1ÞT . Here,
the operation ð · ÞT stands for the transposition.

The direct calculation of the multiplication q1q2 results in the following:

q1q2 ¼ ða1 þ ib1 þ jc1 þ kd1Þða2 þ ib2 þ jc2 þ kd2Þ
¼ ða1a2 � b1b2 � c1c2 � d1d2Þ þ iða1b2 þ a2b1 þ c1d2 � c2d1Þ
þ jða1c2 þ a2c1 � b1d2 þ b2d1Þ þ kða1d2 þ a2d1 þ b1c2 � b2c1Þ:

This formula can also be obtained in symbolic programming in MATLAB. As
an example, a simple script of the code “test_example.m” for symbolic
calculation of the multiplication of two quaternions is given below.

% mult2q_symbolic.m / Art Grigoryan, 2015
% the formula for multiplication q1q2 of two quaternions q1

and q2
% -----------------------------------------------------
syms a1 b1 c1 d1 as real;
syms a2 b2 c2 d2 as real;
g1¼[a1 b1 c1 d1];
g2¼[a2 b2 c2 d2];
q1q2¼mult2qs(g1,g2)

% -----------------------------------------------------
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The script of the code “mult2qs.m” is given in the next script.
Therefore, in matrix form, the multiplication q ¼ q1q2 can be written as

q ¼ Aq2 ¼

0
BB@

a1 �b1 �c1 �d1
b1 a1 �d1 c1
c1 d1 a1 �b1
d1 �c1 b1 a1

1
CCA

0
BB@

a2
b2
c2
d2

1
CCA, (1.24)

where the four-dimensional (4-D) vectors are

q ¼

0
BB@

a
b
c
d

1
CCA and q2 ¼

0
BB@

a2
b2
c2
d2

1
CCA:

The quaternion numbers m ¼ me þ imi þ jmj þ kmk such that m2 ¼ �1 are
pure quaternions. For instance, the numbers

m ¼ i þ j þ kffiffiffi
3

p , m ¼ i � j þ kffiffiffi
3

p , and m ¼ i þ jffiffiffi
2

p

are pure unit quaternions. For such quaternions, me ¼ 0 and the imaginary
part lies on the unit sphere. It should be noted that for any real triplet
ðmi,mj,mkÞ ≠ ð0, 0, 0Þ, the corresponding number

m ¼ imi þ jmj þ kmkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
i þ m2

j þ m2
k

q
is a pure unit quaternion.

The equation m2 ¼ �1 can also be considered in matrix form as0
BB@

me �mi �mj �mk
mi me �mk mj
mj mk me �mi
mk �mj mi me

1
CCA

0
BB@

me
mi
mj
mk

1
CCA ¼

0
BB@

�1
0
0
0

1
CCA:

It follows that

m2
e � m2

i � m2
j � m2

k ¼ �1,

2memi ¼ 0, 2memj ¼ 0, 2memk ¼ 0:

Therefore, me ¼ 0 and jmj2 ¼ m2
i þ m2

j þ m2
k ¼ 1, i.e., the point ðmi,mj,mkÞ is

on the unit sphere.
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Below is the script of the MATLAB-based code-function “mult2qs.m” for
calculating the multiplication of two quaternions by using the matrix A.

%------------------------------------------------------
% call: muit2qs.m / Art Grigoryan, UTSA January 10, 2015
% the matrix multiplication of 4-D quaternion-vectors
% q1¼[a1,b1,c1,d1] * q2¼[a2,b2,c2,d2]
function q12¼mult2qs(q1,q2)

a1¼q1(1); b1¼q1(2); c1¼q1(3); d1¼q1(4);
if size(q2,1)¼¼1 q2¼q2’; end % q2 to be a column-vector
A¼[ a1 �b1 �c1 �d1

b1 a1 �d1 c1
c1 d1 a1 �b1
d1 �c1 b1 a1]; % See Eq. (1.24)

q12¼A*q2;
%------------------------------------------------------

This function as the function “mult2qs_direct.m” uses 16 real multi-
plications and 12 real additions in the multiplication of two quaternion
numbers.

Matrix A in Eq. (1.24) is defined by the quaternion q1, so we can write
A ¼ AL;q1 . The subscript L stands for the vector q1 on the left of q1q2. It is not
difficult to see that the same multiplication q ¼ q1q2 can be written by a
matrix defined by the quaternion q2 as

q ¼ AR;q2q1 ¼

0
B@

a2 �b2 �c2 �d2
b2 a2 d2 �c2
c2 �d2 a2 b2
d2 c2 �b2 a2

1
CA

0
B@

a1
b1
c1
d1

1
CA, (1.25)

where the 4-D vector q1 ¼ ða1, b1, c1, d1ÞT . Here, we use the subscript R for
multiplication by the matrix that is generated by the quaternion from the right
in the multiplication q1q2.

Below is the code-function “mult2qsR.m” for calculating the multiplica-
tion of two quaternions by using the matrix AR;q2 .

%------------------------------------------------------
% call: muit2qsR.m / Art Grigoryan, UTSA January 10, 2015
% the matrix multiplication of 4-D quaternion-vectors
% q1¼[a1,b1,c1,d1] * q2¼[a2,b2,c2,d2]
function q12¼mult2qsR(q1,q2)

a2¼q2(1); b2¼q2(2); c2¼q2(3); d2¼q2(4);
if size(q1,1)¼¼1 q1¼q1’; end % q1 to be a column-vector
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Aq2¼[ a2 �b2 �c2 �d2
b2 a2 d2 �c2
c2 �d2 a2 b2
d2 c2 �b2 a2]; % See Eq. (1.25)

q12¼Aq2*q1;
%------------------------------------------------------

We now describe an important property of the inverse matrices to
matrices A, but first we use a simple script of the calculation of such matrices.

Example 1.16

Consider the quaternion number q ¼ 1þ 2i þ 3j � 4k with jqj2 ¼ 15. If we
run the code “inver2Amatrices.m,” the script of which is given below, we
obtain the following multiplication of the matrices with their transposition:

AL;q¼

0
BB@

1 �2 �3 1
2 1 1 3
3 �1 1 �2

�1 �3 2 1

1
CCA, AT

L;q¼

0
BB@

1 2 3 �1
�2 1 �1 �3
�3 1 1 2
1 3 �2 1

1
CCA, AL;q ·AT

L;q¼ 15I4,

where I4 denotes the 4� 4 identity matrix.

%------------------------------------------------------
% call: inver2Amatrices.m / Artyom Grigoryan, January 2, 2016
% calculate inverse matrices of the left and right
multiplication

q¼[1,2,3,�1];
% q¼q/norm(q); % |q|^2¼norm(q)^2 ¼ 15
a¼q(1); b¼q(2); c¼q(3); d¼q(4);
A1¼[ a �b �c �d

b a �d c
c d a �b
d �c b a]; % See Eq. (1.17)

A2¼[ a �b �c �d
b a d �c
c �d a b
d c �b a]; % See Eq. (1.18)

d1¼det(A1); d2¼det(A2); % d1¼d2¼225 which is 15*15
what_weget¼A1’*A1;
what_weget¼A2’*A2;
% 15 0 0 0
% 0 15 0 0
% 0 0 15 0
% 0 0 0 15
% if open the command q=q/norm(q), then we get the identity
matrix

%------------------------------------------------------
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Similarly, for multiplication from the right, we have

AR;q ¼

0
BB@

1 �2 �3 1
2 1 �1 �3
3 1 1 2

�1 3 �2 1

1
CCA, AT

R;q ¼

0
BB@

1 2 3 �1
�2 1 1 3
�3 �1 1 �2
1 �3 2 1

1
CCA, AR;q ·AT

R;q ¼ 15I4:

We note that jqj2 ¼ 15 and have the following inverse matrices:

A�1
L; q ¼

1
15

AT
L; q ¼

1
15

0
BB@

1 2 3 �1
�2 1 �1 �3
�3 1 1 2
1 3 �2 1

1
CCA

and

A�1
R; q ¼

1
15

AT
R; q ¼

1
15

0
BB@

1 2 3 �1
�2 1 1 3
�3 �1 1 �2
1 �3 2 1

1
CCA:

Also, we can see that the determinant of both matrices is 225 ¼ ð15Þ2.
In general, we have the following for matrices A:

detðAL;qÞ ¼ detðAR;qÞ ¼ jqj4 (1.26)

and

A�1
L; q ¼

1
jqj2 A

T
L; q and A�1

R; q ¼
1
jqj2 A

T
R; q: (1.27)

If the quaternion is a unit quaternion, i.e., jqj ¼ 1, these inverse matrices are
transpose matrices.

1.2 Vector Space and Pure Quaternions

To describe the geometry of the multiplication presented in the previous section,
we consider the Cartesian coordinate system in 3-D space, vectors q0 ¼ ½b, c, d�
with original ð0, 0, 0Þ, and the terminal points ðb, c, dÞ. Along three perpendicular
X ,- Y ,- and Z-axes in this system, we can measure the unit vectors as

i ¼ ½1, 0, 0�, j ¼ ½0, 1, 0�, and k ¼ ½0, 0, 1�,
respectively, as shown in Fig. 1.10. The space of quaternion numbers is 4-D,
and the Cartesian model in Fig. 1.10 is shown only to present the space of the
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imaginary components of the quaternion numbers. In general, it is not
necessary to draw the i-, j-, and k-axes perpendicular to each other in the
space of quaternions.

A pure quaternion number q0 ¼ ðb, c, dÞ can be presented by the vector
q0 ¼ ½b, c, d� in this vector space. The sum of pure quaternion numbers and
multiplication by real numbers correspond to similar operations on vectors.
Thus, we can associate vectors with pure quaternion numbers and call them
vector quaternions. Given a quaternion q ¼ aþ q0, a is the real part of q, and
q0 is the vector part of q.

In vector space, two interesting operations, the inner product and vector
product, are described. These operations are used in many applications of
vector algebra and mechanics, when calculating the work done by a force, or
finding the normal vector to the plane, moment of a force, velocity of a rotating
body, etc. We now describe these operations performed on vector quaternions.

1.2.1 Inner product (or dot product)

The operation of the inner product of two vectors q01 ¼ ½b1, c1, d1� and
q02 ¼ ½b2, c2, d2� is defined as

ðq01, q02Þ ¼ b1b2 þ c1c2 þ d1d2: (1.28)

Thus, the real part of the multiplication in Eq. (1.22) is the inner product with
the sign minus.

In vector space, the inner product is defined by the following rule: for each
two elements q01 and q02 of the space with which a real number is associated, the
inner product that is denoted as ðq01, q02Þ has the following four properties
(axioms):

1. ðq01, q02Þ ¼ ðq02, q01Þ.
2. ðq01 þ q03, q

0
2Þ ¼ ðq01, q02Þ þ ðq03, q02Þ.

3. ðlq01, q02Þ ¼ lðq01, q02Þ, for any real number l.
4. ðq0, q0Þ ≥ 0, and ðq0, q0Þ ¼ 0 if only q0 ¼ 0.

Figure 1.10 The Cartesian coordinate system in the 3-D space.
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The value of ðq0, q0Þ is denoted by jq0j2, and the positive number
jq0j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiðq0, q0Þp

is called the length of vector q0. As in real Euclidean space, the
concept of the angle between the vectors can be defined in the vector space of
pure quaternions. Indeed, it directly follows from the above axioms, which for
given vectors q01 and q02, the following polynomial is non-negative:

pðlÞ ¼ ðlq01 � q02, lq
0
1 � q02Þ ¼ jlq01 � q02j2 ≥ 0:

Here, l is a real variable. Thus,

l2ðq01, q01Þ � 2lðq01, q02Þ þ ðq02, q02Þ ≥ 0,

and the discriminant of this equation

D ¼ ðq01, q02Þ2 � ðq01, q01Þðq02, q02Þ ¼ ðq01, q02Þ2 � jq01j2jq02j2 ≤ 0:

Therefore, ðq01, q02Þ2∕ðjq01j2jq02j2Þ ≤ 1, or

�1 ≤
ðq01,q02Þ
jq01jjq02j

≤ 1:

The fraction in this expression can be considered as a cosine of angle q:

cosðqÞ ¼ ðq01,q02Þ
jq01jjq02j

, and sinðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðq01,q02Þ2

jq01j2jq02j2

s
:

This angle is called the angle between vectors q01 and q02. Since

ðq01, q02Þ ¼ jq01jjq02j cosðqÞ, (1.29)

we can call two vectors perpendicular if ðq01, q02Þ ¼ 0. This condition can be
denoted as q01 ⊥ q02.

It directly follows from Eq. (1.22) that if vectors q01 and q02 are perpendicular,
then the following holds for the pure quaternions q1 ¼ q01 and q2 ¼ q01:

q1q2 ¼
						
i j k
b1 c1 d1
b2 c2 d2

						 ¼ �
						
i j k
b2 c2 d2
b1 c1 d1

						 ¼ �q2q1: (1.30)

Also, if q1q2 ¼ �q2q1, then q1 and q2 are pure quaternions, and the
corresponding vectors q01 and q02 are perpendicular.

37Complex and Hypercomplex Numbers



Since

q01q
0
2 ¼ �ðq01, q02Þþ

						
i j k
b1 c1 d1
b2 c2 d2

						,
the real part of q01q

0
2 is zero if vectors q01 and q02 are perpendicular.

Example 1.17

Consider three vector quaternions q01 ¼ ð1, 2� 3Þ, q02 ¼ ð�1, 5, 3Þ, and
q03 ¼ ð2, 1, 2Þ. The first two vectors are orthogonal,

ðq01, q02Þ ¼ 1ð�1Þ þ 2ð5Þ � 3ð3Þ ¼ 0,

and

q01q
0
2 ¼ ð1þ 2j � 3kÞð�i þ 5j þ 3kÞ ¼ 21i þ 7k:

One can verify this result by using the calculation of the determinant:						
i j k
b1 c1 d1
b2 c2 d2

						 ¼
						

i j k
1 2 �3

�1 5 3

						 ¼ ið6þ 15Þ � jð3� 3Þ þ kð5þ 2Þ ¼ 21i þ 7k:

These two vectors are not perpendicular to vector q03. Indeed,

ðq01, q03Þ ¼ 1ð2Þ þ 2ð1Þ � 3ð2Þ ¼ �2,

ðq02, q03Þ ¼ �1ð2Þ þ 5ð1Þ þ 3ð2Þ ¼ 9:

The angle q1,3 between vectors q01 and q03 is calculated by

cosðq1,3Þ ¼
ðq01,q03Þ
jq01jjq03j

¼ �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4þ 9

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1þ 4

p ¼ �2

3
ffiffiffiffiffi
14

p ¼ �0.1782,

q1,3 ¼ arccos
�
� 2

3
ffiffiffiffiffi
14

p
�

¼ 1.7499 rad, or 100.2634°:

The angle q2,3 between vectors q02 and q03 is calculated by

cosðq2,3Þ ¼
ðq02,q03Þ
jq02jjq03j

¼ 9ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25þ 9

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 1þ 4

p ¼ 3ffiffiffiffiffi
35

p ¼ 0.5071,

q2,3 ¼ arccos
�

3ffiffiffiffiffi
35

p
�

¼ 1.0390 rad, or 59.5296°:
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1.2.2 Vector product

In vector space, we can consider the symbolic determinate						
i j k
b1 c1 d1
b2 c2 d2

						 ¼ iðc1d2 � d1c2Þ � jðb1d2 � d1b2Þ þ kðb1c2 � c1b2Þ: (1.31)

According to Eq. (1.22), the vector with the terminal point

½ðc1d2 � d1c2Þ, � ðb1d2 � d1b2Þ, ðb1c2 � c1b2Þ�
describes the whole imaginary part of the multiplication q ¼ q1q2, when
a1 ¼ a2 ¼ 0. We also can say that this point corresponds to ðq01q02Þ. This vector
is denoted by q01 � q02 or ½q01, q02� and is called the vector product of vectors q01
and q02.

It is not difficult to see that						
i j k
b2 c2 d2
b1 c1 d1

						¼ iðc2d1�d2c1Þ� jðb2d1�d2b1Þþkðb2c1�c2b1Þ¼�
						
i j k
b1 c1 d1
b2 c2 d2

						,
and, therefore,

q02 � q01 ¼ �q01 � q02:

The vector product is perpendicular to vectors q01 and q02. To verify this
property, it is sufficient to show that the real parts of vectors q01ðq01 � q02Þ and
q02ðq01 � q02Þ are zero. The real part of the first multiplication can be cal-
culated as

b1ðc1d2 � d1c2Þ � c1ðb1d2 � d1b2Þ þ d1ðb1c2 � c1b2Þ ¼ 0:

The real part of the second multiplication is similarly calculated and equals
zero, too. The three perpendicular vectors q01 � q02, q

0
1, and q02 are oriented in

space similarly to the way unit vectors i, j, and k are oriented. The orientation
of these unit vectors can be considered in the chosen right- or left-handed
Cartesian coordinate system in 3-D space.

The length of the vector product can be calculated by

jq01 � q02j2 ¼ ðc1d2 � d1c2Þ2 þ ðb1d2 � d1b2Þ2 þ ðb1c2 � c1b2Þ2
¼ ðc21d2

2 � 2c1c2d1d2 þ d2
1c

2
2Þ þ ðb21d2

2 � 2b1b2d1d2 þ d2
1b

2
2Þ

þ ðb21c22 � 2b1b2c1c2 þ c21b
2
2Þ

¼ ðb21 þ c21 þ d2
1Þðb22 þ c22 þ d2

2Þ � c21c
2
2 � b21b

2
2 � d2

1d
2
2

� 2c1c2d1d2 � 2b1b2d1d2 � 2b1b2c1c2

¼ ðb21 þ c21 þ d2
1Þðb22 þ c22 þ d2

2Þ � ðb1b2 þ c1c2 þ d1d2Þ2:
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Because

jq01j2 ¼ b21 þ c21 þ d2
1,

jq02j2 ¼ b22 þ c22 þ d2
2,

ðq01, q02Þ ¼ jq01jjq02j cosðqÞ ¼ b1b2 þ c1c2 þ d1d2,

(1.32)

where q is the angle between the vector quaternions, we obtain

jq01 � q02j2 ¼ jq01j2jq02j2 � jq01j2jq02j2 cos2ðqÞ ¼ jq01j2jq02j2 sin2ðqÞ:
Thus, the length of the vector products equals

jq01 � q02j ¼ jq01jjq02j sinðqÞ, (1.33)

when considering sinðqÞ to be non-negative. It is the area of the parallelogram
composed on vectors q01 and q02. If the vectors are perpendicular, then
q ¼ p∕2, sinðqÞ ¼ 1, and

jq01 � q02j ¼ jq01jjq02j: (1.34)

Now, we can define the inner product and vector product of quaternions as

ðq1, q2Þ ¼ ðq01, q02Þ and ðq1 � q2Þ ¼ ðq01 � q02Þ,
and consider pure quaternions as vector quaternions. The multiplication of
pure quaternion numbers unites the inner and vector products:

q ¼ q1q2 ¼ �ðq1, q2Þ þ ðq1 � q2Þ: (1.35)

One can notice that

q2q1 ¼ �ðq2, q1Þ þ ðq2 � q1Þ ¼ �ðq1, q2Þ � ðq1 � q2Þ ¼ q1q2 � 2ðq1 � q2Þ:
In the general case of quaternions, the multiplication of two quaternions

in Eq. (1.9) can be written as

q ¼ q1q2 ¼ a1a2 � ðq1, q2Þ þ ½a1q02 þ a2q01� þ ðq1 � q2Þ: (1.36)

The real part of this vector is the minus inner product of the imaginary parts
of the quaternions,

a ¼ a1a2 � ðq1, q2Þ,

and the imaginary part of the multiplication is the sum of vector quaternions,

q0 ¼ ½a1q02 þ a2q01� þ ðq1 � q2Þ:
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The first vector in the square brackets presents a vector in the “ðq01Þ � ðq02Þ”
plane, and the second vector is the vector product of the imaginary parts of
the quaternions, which is perpendicular to this plane.

Example 1.18

Consider two quaternions q1 ¼ 1þ i � j þ 2k and q2 ¼ 1þ 2i þ j � 3k. The
vector quaternions are q01 ¼ ð1, �1, 2Þ and q02 ¼ ð2, 1, �3Þ. The inner
product equals

ðq01, q02Þ ¼ 1 · 2þ ð�1Þ · 1þ 2 · ð�3Þ ¼ �5,

and a ¼ 1� ð�5Þ ¼ 6. The vector product is calculated as

ðq01 � q02Þ ¼
						
i j k
1 �1 2
2 1 �3

						 ¼ ið3� 2Þ � jð�3� 4Þ þ kð1þ 2Þ ¼ 1iþ 7jþ 3k

and can be written as the vector with the terminal point ð1, 7, 3Þ. The
imaginary part of q1q2 is

q0 ¼ ½a1q02 þ a2q01� þ ðq01 � q02Þ ¼ ½ð2i þ j � 3kÞ þ ði � j þ 2kÞ� þ ði þ 7j þ 3kÞ
¼ ½3i � k� þ ði þ 7j þ 3kÞ ¼ 4i þ 7j þ 2k;

therefore, q ¼ aþ q0 ¼ 6þ 4i þ 7j þ 2k.

1.3 Quaternion Multiplication and Rotation

Quaternion multiplication allows one to describe a rotation of one vector in
3-D space around any other vector. In this section, we show a few examples of
rotations by multiplication. First, we consider the multiplication of two
quaternions, one of which is a pure quaternion. The geometry of such
multiplications with rotations in the 3-D subspace of vectors presenting
quaternion vectors is described by using the matrix representation of
multiplication as well as the polar form of quaternions.

1.3.1 Multiplication and sum of elementary rotations

Consider the quaternions in the space R4 as vectors. When multiplying the
quaternion q1 ¼ ða1, b1, c1, d1ÞT by the vector quaternion q2 ¼ ð0, b2, c2, d2ÞT ,
the real component of the multiplication is �ðb1b2 þ c1c2 þ d1d2Þ. It follows
from Eq. (1.24),
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q ¼ Aq2 ¼

0
BB@

a1 �b1 �c1 �d1
b1 a1 �d1 c1
c1 d1 a1 �b1
d1 �c1 b1 a1

1
CCA

0
BB@

0
b2
c2
d2

1
CCA, (1.37)

that the matrix of multiplication in the 4-D real space A can be reduced to a
ð3� 3Þ matrix:

B ¼
0
@ a1 �d1 c1

d1 a1 �b1
�c1 b1 a1

1
A,

when calculating the vector component of the multiplication q1q2,0
@ b

c
d

1
A ¼ B

0
@ b2

c2
d2

1
A:

The point ðb2, c2, d2Þ is on a circle of radius r2, j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ c22 ¼ d2

2

q
.

This matrix can be represented as

B ¼ B
�a1
2
, 0, �c1

�
þ B

�a1
2
, d1, 0

�
þ B

�
0,

a1
2
, b1

�
,

where the matrices

Bj ¼ B
�a1
2
, 0, �c1

�
¼
0
@ a1

2 0 c1
0 0 0

�c1 0 a1
2

1
A� B0

j ¼
� a1

2 c1
�c1

a1
2

�
, detðB0

jÞ ¼
a21
4
þ c21,

Bk ¼ B
�a1
2
,d1, 0

�
¼
0
@ a1

2 �d1 0
d1

a1
2 0

0 0 0

1
A� B0

k ¼
� a1

2 �d1
d1

a1
2

�
, detðB0

kÞ ¼
a21
4
þ d2

1,

Bi ¼ B
�
0,

a1
2
,b1

�
¼
0
@0 0 0
0 a1

2 �b1
0 b1

a1
2

1
A� B0

i ¼
� a1

2 �b1
b1

a1
2

�
, detðB0

iÞ ¼
a21
4
þ b21:

Each of these three matrices describes the rotation in the corresponding 2-D
plane. Matrix Bj describes the rotation of the projection ðb2, 0, d2Þ of the
vector ðb2, c2, d2Þ in the ði � kÞ-plane around the j-axis by the angle

fj ¼ �arctan
�
2c1
a1

�
:
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Following this rotation, the point moves along the radial line from its circle of

radius r2, j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ d2

2

q
to another circle of radius amplified by a factor of

lj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðB0

jÞ
q

. A similar rotation for complex numbers was described in

Example 1.6 with Fig. 1.5.
In the first stage, matrix Bk describes the rotation in the ði � jÞ-plane, and

Bi describes the rotation in the ðj � kÞ-plane of projections ðb2, c2, 0Þ and
ð0, b2, c2Þ by angles

fk ¼ arctan
�
2d1

a1

�
and fi ¼ arctan

�
2b1
a1

�
,

respectively. Then, the rotated points move to circles with radii amplified by
the factors of lk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðB0

kÞ
p

and li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðB0

iÞ
p

, respectively. Thus, matrix B
is the sum of the three matrices of the elementary, or Givens rotations, as
shown in Fig. 1.11. If q is the quaternion vector, i.e., a1 ¼ 0, all of these angles
are considered to be p∕2.

Statement 1.1Multiplication of the quaternion number q1 ¼ a1 þ ib1 þ jc1 þ kd1
by a pure quaternion q2 describes the rotation of the sum of three rotations of
the vector quaternion q2 around the i-, j-, and k-axes by the angles

fi ¼ arctan
�
2b1
a1

�
, fj ¼ arctan

�
2c1
a1

�
, and fk ¼ arctan

�
2d1

a1

�
,

respectively, or all p∕2 if a1 ¼ 0.
If q2 is not a pure quaternion, q2 ¼ a2 þ ib2 þ jc2 þ kd2 and a2 ≠ 0, we can
write the multiplication q1q2 in the following matrix form:

Figure 1.11 Three rotations around the axes in the vector subspace of quaternions.
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Aq2 ¼ A

0
B@

a2
0
0
0

1
CAþ A

0
B@

0
b2
c2
d2

1
CA ¼ a2q1 þ

2
664
�ðq01, q02Þ

B

0
@ b2

c2
d2

1
A

3
775,

or we can write the multiplication as

Aq2 ¼
�
a2a1 � ðq01, q02Þ
a2q01 þ Bq02

�
: (1.38)

In the second line of matrix Eq. (1.38), the amplified vector q01 is added to the
combined rotation of vector q02 by matrix B. This is a geometrical
interpretation of the quaternion multiplication in the general case.

Example 1.19

Consider two quaternions q1 ¼ 2þ 1i þ 3j þ 4k and q2 ¼ 0þ 2i þ j � k,
where the numbers a1 ¼ 2, b1 ¼ 1, c1 ¼ 3, and d1 ¼ 4. The multiplication
q1q2 of these two quaternions can be calculated as

q ¼ Aq2 ¼

0
BB@

2 �1 �3 �4
1 2 �4 3
3 4 2 �1
4 �3 1 2

1
CCA

0
BB@

0
2
1

�1

1
CCA ¼

0
BB@

�1
�3
11
�7

1
CCA:

Thus, the number q ¼ q1q2 ¼ �1� 3i þ 11j � 7k.
Figure 1.12 shows two vectors q01 ¼ ð1, 3, 4Þ and q02 ¼ ð2, 1, �1Þ and the

vector q012 ¼ ð�3, 11, �7Þ. It can be shown that vector q012 describes the
rotation of vector q02 around vector q01 with a subsequent change in the length
of vector q02.

We now consider the rotations of the vector q02 ¼ ð2, 1, �1Þ when
calculating the imaginary part q0 ¼ ð�3i þ 11j � 7kÞ of q. Matrix B is

B ¼
0
@ 2 �4 3

4 2 �1
�3 1 2

1
A ¼

0
@ 1 0 3

0 0 0
�3 0 1

1
Aþ

0
@1 �4 0

4 1 0
0 0 0

1
Aþ

0
@0 0 0

0 1 �1
0 1 1

1
A:

Here, the matrix components and their determinants equal

Bj ¼ Bð1, 0, �3Þ ¼
0
@ 1 0 3

0 0 0
�3 0 1

1
A ¼

ffiffiffiffiffi
10

p
0
@ 1ffiffiffiffi

10
p 0 3ffiffiffiffi

10
p

0 0 0
� 3ffiffiffiffi

10
p 0 1ffiffiffiffi

10
p

1
A

and detðBjÞ ¼ 1þ 9 ¼ 10;
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Bk ¼ Bð1, 4, 0Þ ¼
0
@ 1 �4 0

4 1 0
0 0 0

1
A ¼

ffiffiffiffiffi
17

p
0
@ 1ffiffiffiffi

17
p � 4ffiffiffiffi

17
p 0

4ffiffiffiffi
17

p 1ffiffiffiffi
17

p 0
0 0 0

1
A,

and detðBkÞ ¼ 1þ 16 ¼ 17; and

Bi ¼ Bð0, 1, 1Þ ¼
0
@ 0 0 0

0 1 �1
0 1 1

1
A ¼

ffiffiffi
2

p
0
@ 0 0 0

0 1ffiffi
2

p � 1ffiffi
2

p

0 1ffiffi
2

p 1ffiffi
2

p

1
A,

and detðBiÞ ¼ 1þ 1 ¼ 2.
Matrix Bj first rotates the projection vector ð2, 0, �1Þ along the circle of

radius r2, j ¼
ffiffiffi
5

p
around the j-axis by the angle

fj ¼ �arctan
�
2c1
a1

�
¼ �arctanð3Þ ¼ 1.2490 rad,

or 71.5651° (see Fig. 1.13). The rotated projection is calculated as

0
@ 1ffiffiffiffi

10
p 0 3ffiffiffiffi

10
p

0 0 0
� 3ffiffiffiffi

10
p 0 1ffiffiffiffi

10
p

1
A

0
@ 2

0
�1

1
A ¼ 1ffiffiffiffiffi

10
p

0
@�1

0
�7

1
A:

Then, matrix Bj moves the rotated projection to the vector ð�1, 0, �7Þ,

−5
0

5

−10−50510
−10

−5

0

5

q′
2

•

q′
1•

(q
1
q

2
)′•

Figure 1.12 Vector q0
12: vector q

0
2 rotation around vector q0

1 with a subsequent change in
length.
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q0j ¼
ffiffiffiffiffi
10

p
·

0
@ 1ffiffiffiffi

10
p 0 3ffiffiffiffi

10
p

0 0 0
� 3ffiffiffiffi

10
p 0 1ffiffiffiffi

10
p

1
A

0
@ 2

0
�1

1
A ¼

0
@�1

0
�7

1
A:

We can assume that the projection is first amplified by a factor of
lj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðBjÞ

p ¼ ffiffiffiffiffi
10

p
, and then rotated by the angle fj,

q0j ¼
0
@ 1ffiffiffiffi

10
p 0 3ffiffiffiffi

10
p

0 0 0
� 3ffiffiffiffi

10
p 0 1ffiffiffiffi

10
p

1
A

2
4 ffiffiffiffiffi

10
p

0
@ 2

0
�1

1
A
3
5 ¼

0
@�1

0
�7

1
A,

along a circle of radius r ¼ ljr2, j ¼
ffiffiffiffiffi
50

p
.

Matrix Bk rotates and moves the projection vector ð2, 1, 0Þ to the vector
ð�2, 9, 0Þ,

q0k ¼
0
@ 1 �4 0

4 1 0
0 0 0

1
A

0
@ 2

1
0

1
A ¼

0
@�2

9
0

1
A,

around the k-axis by the angle

fk ¼ �arctan
�
2d1

a1

�
¼ �arctanð2Þ ¼ 1.1071 rad,

Figure 1.13 The rotation around the j-axis.
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or 63.4349° (see Fig. 1.14). The rotated projection is calculated as

0
@ 1ffiffiffiffi

17
p � 4ffiffiffiffi

17
p 0

4ffiffiffiffi
17

p 1ffiffiffiffi
17

p 0
0 0 0

1
A

0
@ 2

1
0

1
A ¼ 1ffiffiffiffiffi

17
p

0
@�2

9
0

1
A:

Then, matrix Bk moves the rotated projection to the vector ð�2, 9, 0Þ by
multiplying the rotation by a factor of lk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðBkÞ

p ¼ ffiffiffiffiffi
17

p
.

Matrix Bi rotates and moves the vector ð0, 1, �1Þ to the vector
ð�1, 0, �7Þ. First, it rotates the vector as

q0i ¼
0
@ 0 0 0

0 1ffiffi
2

p � 1ffiffi
2

p

0 1ffiffi
2

p 1ffiffi
2

p

1
A

0
@ 0

1
�1

1
A ¼ 1ffiffiffi

2
p

0
@ 0

2
0

1
A

around the i-axis by the angle

fi ¼ �arctan
�
2b1
a1

�
¼ �arctan

�
1
2

�
¼ 0.4636 rad,

or 26.5651° (see Fig. 1.15). The rotated projection then is moved to the vector
ð0, 2, 0Þ, after multiplying by a factor of li ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðBiÞ

p ¼ ffiffiffi
2

p
.

We can verify the above calculations by

q0j þ q0k þ q0i ¼
0
@�1

0
�7

1
Aþ

0
@�2

9
0

1
Aþ

0
@ 0

2
0

1
A ¼

0
@�3

11
�7

1
A ¼ q0:

The decomposition of the matrix B shows that vector q012 can be obtained
by a linear combination of three elementary rotations of the projections of the
vector q02 around the three axes of the Cartesian system.

Figure 1.14 The rotation around the k-axis.
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1.3.2 Rotation: Multiplication by a perpendicular vector

We consider the unit quaternion number (not pure) q ¼ aþ q0 and multi-
plication of this number by vector s0, which is perpendicular to q0.

Such a number can be represented as

q ¼ cosðfÞ þ q0

jq0j sinðfÞ,

where the angle u is defined from the condition jqj2 ¼ a2 þ jq0j2 ¼ 1 as

a ¼ cosðfÞ and jq0j ¼ sinðfÞ:
The unit vector p0 ¼ q0∕jq0j is in the direction of the vector q0.

Example 1.20

Consider the unit quaternion

q ¼ 1ffiffiffiffiffi
15

p ð1þ i � 2j þ 3kÞ ¼ 1ffiffiffiffiffi
15

p þ i � 2j þ 3kffiffiffiffiffi
15

p ,

which can be written as

q ¼ 1ffiffiffiffiffi
15

p þ i � 2j þ 3kffiffiffiffiffi
14

p
ffiffiffiffiffi
14

p

15
:

In this case,

a ¼ 1ffiffiffiffiffi
15

p , q0 ¼ i� 2jþ 3kffiffiffiffiffi
15

p , jq0j ¼
ffiffiffiffiffi
14

p

15
,

and the pure unit quaternion vector is

Figure 1.15 The rotation around the i-axis.
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p0 ¼ i� 2jþ 3kffiffiffiffiffi
14

p ¼ 0.2673i� 0.5345jþ 0.8018k:

The angle u is calculated from the equations

cosðfÞ ¼ 1ffiffiffiffiffi
15

p ¼ 0.2582 and sinðfÞ ¼
ffiffiffiffiffi
14

p

15
¼ 0.9661,

i.e., from the interval ½0,p∕2� as

f ¼ arccos
�

1ffiffiffiffiffi
15

p
�

¼ 1.3096 rad,

or 75.0368°.
An illustration of the point ða, q0Þ and vectors p0 and q0 are given in

Fig. 1.16. The unit quaternion number q is presented as the point ða, jq0jÞ.
In the general case, when the module jqj may be not 1, the quaternion q

can be represented as

q ¼ jqj½cosðfÞ þ p0 sinðfÞ�, f ∈ ½0,pÞ:

Thus, the number q is described as a triplet ðjqj, p0,fÞ, which is the polar form
of the quaternion q. Below is the script of the MATLAB-based code
“test_qinpolform.m” for Example 1.20, with the function “qinpolform.m” to
calculate the polar form of q.

%------------------------------------------------------
% test_qinpolform / Art Grigoryan, November 10, 2015

q¼[1,1,�2,3]/sqrt(15); % for Example 1.20
[q_abs,p_vector,phi] ¼ qinpolform(q);

Figure 1.16 Components of the unit quaternion number q ¼ aþ q0
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% The result is: 1, (0.2673,�0.5345,0.8018), and
1.3096 rad/s

%------------------------------------------------------
% call: qinpolform.m
% To calculate the polar form of a quaternion number
% q¼|q|[cos(phi) þ p’sin(phi)]
% as the triplet (|q|,p’,phi).
function [q_abs,p_vector,phi] ¼ qinpolform(q)
q_abs¼norm(q); % is |q|
qn¼q/q_abs; % q/|q|
qim¼qn(2:4); % imaginary part of qn
qim_abs¼norm(qim); % is |qim|
p_vector ¼qim/qim_abs; % unit vector p’
phi¼acos(qn(1)); % angle phi

%------------------------------------------------------

The multiplication qs0 equals

qs0 ¼ ½cosðfÞ þ p0 sinðfÞ�s0 ¼ s0 cosðfÞ þ ðp0s0Þ sinðfÞ:

Here, the multiplication of the vectors is calculated as

p0s0 ¼ �ðp0, s0Þ þ p0 � s0 ¼ p0 � s0:

We could also come to this result by writing the multiplication qs0 as

qs0 ¼ as0 � ðq0, s0Þ þ q0 � s0 ¼ as0 þ q0 � s0 ¼ as0 þ ðjq0jp0Þ � s0

¼ as0 þ jq0jðp0 � s0Þ ¼ s0 cosðfÞ þ ðp0 � s0Þ sinðfÞ:

As shown above, the vector product p0 � s0 is a vector that is
perpendicular to both vectors p0 and s0. According to Eq. (1.34), the length
of the vector product equals

jp0 � s0j ¼ jp0jjs0j ¼ js0j:

Denoting the vector product p0 � s0 by v0, we can write qs0 ¼ s0 cosðfÞþ
v0 sinðfÞ. Both vectors s0 and v0 have the same length of js0j. Therefore, this
equation describes the rotation of vector s0 around vector q0, or around p0 by
the angle u as shown in Fig. 1.17. Vector v0 is perpendicular to s0, and we may
say that v0 is the result of the rotation of s0 by 90° around the vector p0. Thus,
the following can be stated.

Statement 1.2 The multiplication qs0 describes the rotation of the perpendicular
vector s0 around the unit vector p0 by the angle f:
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qs0 ¼ s0 cosðfÞ þ v0 sinðfÞ: (1.39)

Example 1.21

Consider the unit quaternion number

q ¼ aþ q0 ¼ 1ffiffiffiffiffi
15

p þ 1ffiffiffiffiffi
15

p ði � 2j þ 3kÞ ¼ cosðfÞ þ p0 sinðfÞ:

As shown in Example 1.20, the pure unit quaternion vector p0 and angle f are

p0 ¼ i� 2jþ 3kffiffiffiffiffi
14

p and f ¼ arccos
�

1ffiffiffiffiffi
15

p
�

¼ 1.3096 rad:

Let us assume that vector s0 to be rotated around the vector p0 by angle f is

s0 ¼ 4i� j� 2k ðjs0j ¼
ffiffiffiffiffi
21

p
Þ:

This vector is perpendicular to p0, since

ðp0, s0Þ ¼ 1ffiffiffiffiffi
15

p ½1ð4Þ þ ð�2Þð�1Þ þ 3ð�2Þ� ¼ 0:

Vector s0 is rotated to vector qs0, which can be calculated as

qs0 ¼ as0 þ q0 � s0 ¼ 1ffiffiffiffi
15

p ð4i� j� 2kÞ þ 1ffiffiffiffi
15

p

						
i j k
1 �2 3
4 �1 �2

						
¼ 1ffiffiffiffi

15
p ½ð4i� j� 2kÞ þ ð7iþ 14jþ 7kÞ� ¼ 1ffiffiffiffi

15
p ð11iþ 13jþ 5kÞ:

We also can calculate this rotated vector by using multiplication in matrix
form, as described in Eq. (1.37),

Figure 1.17 Rotation of vector s0 around the unit vector p0 by the angle f.
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qs0 ¼ As0 ¼ 1ffiffiffiffiffi
15

p

0
BB@

1 �1 2 �3
1 1 �3 �2

�2 3 1 �1
3 2 1 1

1
CCA

0
BB@

0
4

�1
�2

1
CCA ¼ 1ffiffiffiffiffi

15
p

0
BB@

0
11
13
5

1
CCA:

Here, vector s0 ¼ ð0, s0Þ ¼ ð0, 4, �1, �2ÞT . We can verify that the length of
vector qs0 equals js0j ¼ ffiffiffiffiffi

21
p

by

jqs0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
112 þ 132 þ 52

p
ffiffiffiffiffi
15

p ¼
ffiffiffiffiffiffiffiffi
315

p ffiffiffiffiffi
15

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
15 · 21

p ffiffiffiffiffi
15

p ¼
ffiffiffiffiffi
21

p
:

1.3.3 The 2nd rotation: Multiplication by a perpendicular vector

The above described rotation by the angle f is defined by the linear operator

q → Lqðs0Þ ¼ qs0, (1.40)

for a given unit quaternion q, which is considered in the form of q ¼ cosðfÞþ
p0 sinðfÞ with ðp0Þ2 ¼ �1. Here, vectors s0 are perpendicular to the imaginary
part of q, i.e., s0 ⊥ q0, or s0 ⊥ p0. To release this constraint and describe the
rotation by any vector s0 by operations of multiplication, we consider a
modification of the operator Lq.

In quaternion algebra, the following operator of rotation is used:

q → Lq, q̄ðs0Þ ¼ qs0q�1, (1.41)

where it is not necessary for vector s0 to be perpendicular to q0. We first
consider the operator for a perpendicular vector s0 and then use the fact that
any vector s0 can be presented as the sum of two vectors, one of which is
perpendicular to q0.

The operator Lq, q̄ as the operator Lq, q̄ preserves the length of the vector s0.
Indeed, one can see that

jLq, q̄ðs0Þj ¼ jqs0q�1j ¼ jqjjs0jjq�1j ¼ js0j:

Since jqj ¼ 1, the inverse quaternion q�1 is q̄, i.e.,

q�1 ¼ q̄ ¼ cosðfÞ � p0 sinðfÞ: (1.42)

Therefore,

Lq, q̄ðs0Þ ¼ ðs0 cosðfÞ þ ½p0 � s0� sinðfÞÞðcosðfÞ � p0 sinðfÞÞ
¼ s0 cos2ðfÞ � s0p0 cosðfÞ sinðfÞ þ ½p0 � s0� sinðfÞ cosðfÞ
� ½p0 � s0�p0 sin2ðfÞ:
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Vectors s0 and p0 are perpendicular; therefore, s0p0 ¼ �½p0 � s0�, and vectors
½p0 � s0� and p0 are also perpendicular. This simplifies the above calculations as

Lq, q̄ðs0Þ ¼ s0 cos2ðfÞ þ 2½p0 � s0� sinðfÞ cosðfÞ þ ðs0p0Þp0 sin2ðfÞ
¼ s0 cos2ðfÞ þ 2½p0 � s0� sinðfÞ cosðfÞ þ s0ðp0p0Þ sin2ðfÞ
¼ s0 cos2ðfÞ þ 2½p0 � s0� sinðfÞ cosðfÞ � s0 sin2ðfÞ
¼ s0 cosð2fÞ þ ½p0 � s0� sinð2fÞ,

(1.43)

since ðp0Þ2 ¼ �1. Thus, we obtain the rotation of vector s0 around vector p0,
which is similar to the rotation in Eq. (1.39) but by the angle 2f,

Lq, q̄ðs0Þ ¼ qs0q̄ ¼ s0 cosð2fÞ þ v0 sinð2fÞ: (1.44)

Such a rotation is illustrated in Fig. 1.18.

Example 1.22

We describe the rotation of the quaternion vector s0 ¼ iþ 2j� 3k around the
unit vector

p0 ¼ 1

3
ffiffiffi
5

p ð2iþ 5jþ 4kÞ

by the angle w ¼ 30°. The required vector v0 in Eq. (1.44) is calculated by

v0 ¼ p0 � s0 ¼ 1
3
ffiffi
5

p

						
i j k
2 5 4
1 2 �3

						 ¼ 1
3
ffiffi
5

p ½ið�15� 8Þ � jð�6� 4Þ þ kð4� 5Þ�

¼ 1
3
ffiffi
5

p ð�23iþ 10j� kÞ:
Therefore, the rotated vector s0 → s̃0 is calculated by

Figure 1.18 Rotation of vector s0 around the unit vector p0 by the angle 2f.
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s̃0 ¼ ðiþ 2j� 3kÞ cosð30°Þ þ 1

3
ffiffiffi
5

p ð�23iþ 10j� kÞ sinð30°Þ

¼ i
� ffiffiffi

3
p

2
� 23

6
ffiffiffi
5

p
�
þ j

� ffiffiffi
3

p
þ

ffiffiffi
5

p

3

�
� k

�
3

ffiffiffi
3

p

2
þ 1

6
ffiffiffi
5

p
�

¼ �0.8483iþ 2.4774j� 2.6726k,

considering that cosð30°Þ ¼ ffiffiffi
3

p
∕2 and sinð30°Þ ¼ 1∕2.

The vector s̃0 is qs0q̄, but q has not been used directly in the above
calculations. The quaternion q can be calculated by

q ¼ cos
�w
2

�
þ p0 sin

�w
2

�
¼ cosð15°Þ þ p0 sinð15°Þ

¼ cosð15°Þ þ sinð15°Þ
3

ffiffiffi
5

p ð2i þ 5j þ 4kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
2i þ 5j þ 4k

3
ffiffiffi
5

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

6
ffiffiffi
5

p ð2i þ 5j þ 4kÞ ¼ 0.9659þ 0.0386ð2i þ 5j þ 4kÞ:

1.3.4 Multiplication: Rotation of any vector

The operation of rotation by the angle 2f can also be described for the general
case of vector s0. Indeed, let s0 be the vector that is not perpendicular to p0. It
can be presented as the sum of two vectors

s0 ¼ s0⊥ þ s0�,

where vector s0⊥ is perpendicular to p0, and s0� is proportional to p0; i.e., s0� ¼ lp0

for a real number l.
It is not difficult to notice that the multiplication qðls0Þ is commutative.

Indeed, the following calculations are valid:

qðlp0Þ ¼ ðaþ p0jq0jÞðlp0Þ ¼ lðap0 þ p0p0jp0jÞ ¼ lp0ðaþ p0jp0jÞ ¼ ðlp0Þq:

Therefore, vector s01 remains invariable when applying the operator Lq, q̄,

Lq, q̄ðs0�Þ ¼ Lq, q̄ðlp0Þ ¼ qðlp0Þq̄ ¼ ðlp0Þqq̄ ¼ ðlp0Þjqj2 ¼ ðlp0Þ ¼ s0�:

The operator Lq, q̄ is linear; therefore, we obtain the following:

Lq, q̄ðs0Þ ¼ Lq, q̄ðs0⊥Þ þ Lq, q̄ðs0�Þ ¼ Lq, q̄ðs0⊥Þ þ s0�: (1.45)

The component s0⊥ is rotated around vector p0, and another component
remains invariable, which means that vector s0 is rotated around p0.
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Statement 1.3 Given pure unit quaternion q and vector s0, the equation

Lq, q̄ðs0Þ ¼ qs0q̄ ¼ ½s0⊥ cosð2fÞ þ ðp0s0⊥Þ sinð2fÞ� þ s0� (1.46)

describes the rotation of vector s0 around vector p0 by angle 2f.

1.3.5 Matrix representation of rotation

We consider the operator of rotation Lq, q̄ðs0Þ ¼ qs0q̄ in matrix form. The
multiplication qs0 can be calculated by matrix AL;q, i.e.,

qs0 ¼ AL;qs0 ¼

0
BB@

a �b �c �d
b a �d c
c d a �b
d �c b a

1
CCA

0
BB@

0
si
sj
sk

1
CCA: (1.47)

Here, vector s0 is composed of its components s0 ¼ 0þ isi þ jsj þ ksk, and,
similarly, qs0 is a vector of qs0.

We denote s̃0 ¼ ðqs0Þq̄ and the corresponding column vector by s̃0. The
multiplication of the number qs0 from the right by q̄ can be accomplished by
matrix AR; q̄, i.e.,

s̃0 ¼ AR; q̄ðqs0Þ ¼

0
BB@

a b c d
�b a �d c
�c d a �b
�d �c b a

1
CCA ðqs0Þ:

Therefore, the rotation can be written as

s̃0 ¼ AR; q̄ðqs0Þ ¼ AR; q̄ðAL;qs0Þ ¼ ðAR; q̄AL;qÞs0: (1.48)

The operator of rotation Lq, q̄ is described by the matrix

Aq̄,q ¼ AR; q̄AL;q ¼

0
BBB@

a b c d

�b a �d c

�c d a �b

�d �c b a

1
CCCA

0
BBB@

a �b �c �d

b a �d c

c d a �b

d �c b a

1
CCCA

¼

2
66664
1 0 0 0

0 a2 þ b2 � c2 � d2 2ðbc� adÞ 2ðacþ bdÞ
0 2ðad þ bcÞ a2 � b2 þ c2 � d2 2ðcd � abÞ
0 2ðbd � acÞ 2ðabþ cdÞ a2 � b2 � c2 þ d2

3
77775,

(1.49)
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considering that a2 þ b2 þ c2 þ d2 ¼ jqj2 ¼ 1.
We can also write this matrix of rotation as

Aq̄,q ¼ I4 þ 2

2
664
0 0 0 0
0 �ðc2 þ d2Þ ðbc� adÞ ðacþ bdÞ
0 ðad þ bcÞ �ðb2 þ d2Þ ðcd � abÞ
0 ðbd � acÞ ðabþ cdÞ �ðb2 þ c2Þ

3
775, (1.50)

where I4 is the 4� 4 identity matrix.
In the particular case when q is a pure quaternion number, i.e., a ¼ 0, this

matrix is symmetric and equals

Aq̄,q ¼ I4 þ 2

2
664
0 0 0 0
0 �ðc2 þ d2Þ bc bd
0 bc �ðb2 þ d2Þ cd
0 bd cd �ðb2 þ c2Þ

3
775, (1.51)

or

Aq̄,q ¼ I4 þ 2

0
BB@

0 0 0 0
0 1� b2 bc bd
0 bc 1� c2 cd
0 bd cd 1� d2

1
CCA, (1.52)

since jqj2 ¼ b2 þ c2 þ d2 ¼ 1. One can notice that Aq̄,q ¼ Aq, q̄ and the
determinant of this matrix detðAq̄,qÞ ¼ 1.

Example 1.23

Consider the rotation related to vector s0 ¼ 4.5i� 2jþ 3.5k and the
quaternion

q ¼ 1ffiffiffiffiffi
15

p þ p0
ffiffiffiffiffi
14

p

15
¼ 1ffiffiffiffiffi

15
p þ i � 2j þ 3kffiffiffiffiffi

14
p

ffiffiffiffiffi
14

p

15
¼ 1ffiffiffiffiffi

15
p ð1þ i � 2j þ 3kÞ:

Vector s0 can be presented as s0 ¼ s0⊥ þ s0�, where

s0⊥ ¼ 4i� jþ 2k and s0� ¼ 0.5i� jþ 1.5k ¼ 0.5ði� 2jþ 3kÞ:

To calculate the rotated vector Lq, q̄ðs0Þ ¼ qs0q̄, we compose the matrix of
rotation Aq̄,q. For a given q, we have a ¼ 1, b ¼ 1, c ¼ �2, and d ¼ 3 all up to

the factor of 1∕
ffiffiffiffiffi
15

p
. The matrix can be written as
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Aq̄,q ¼
1
15

0
BB@

15 0 0 0
0 �11 �10 2
0 2 �5 �14
0 10 �10 5

1
CCA, ½detðAq̄,qÞ ¼ 1�: (1.53)

Therefore, the rotated vector is calculated as

s̃0 ¼ Aq̄,q

0
BB@

0
4

�1
2

1
CCAþ Aq̄,q

0
BB@

0
0.5
�1
1.5

1
CCA ¼

0
BB@

0
�2
�1
4

1
CCAþ

0
BB@

0
0.5
�1
1.5

1
CCA ¼

0
BB@

0
�1.5
�2
5.5

1
CCA:

Below is the script of the MATLAB-based code “example_one23.m” for
this example with the function “rotateVarroundP.m,” which calculates the
matrix Aq̄,q and rotated vector s̃0.

%------------------------------------------------------
% example_one23.m / Art Grigoryan, December 30, 2015
q¼[1,1,�2,3]/sqrt(15);
s1¼[0,4,�1,2];
s2¼[0,1,�2,3]/2;
s¼s1þs2; % 0 4.5 �2 3.5
[qsq,matrixR] ¼ rotateVarroundP(q,s);
% qsq ¼ [ 0 �1.5 �2 5.5]
[qsq1,matrixR] ¼ rotateVarroundP(q,s1);
% qsq1 ¼ [ 0 �2 �1 4]
[qsq2,matrixR] ¼ rotateVarroundP(q,s2);
% qsq2 ¼ [ 0 .5 �1 1.5]
% ----------------- qsq ¼ qsq1 þ qsq2 -----------------
R¼round(15*matrixR)
% 15 0 0 0
% 0 �11 �10 2
% 0 2 �5 �14
% 0 10 �10 5

%------------------------------------------------------
% call: rotateVarroundP / Art Grigoryan, December 31, 2015
% Calculate the matrix of rotation and rotated vector s
% around the unit vector p’ by the doubled angle 2*phi,
% where phi ¼ acos(a) and q ¼ a þ p’ sin(phi).
function [qsq,matrixR] ¼ rotateVarroundP(q,s)
a¼q(1); b¼q(2); c¼q(3); d¼q(4);
if size(s,1)¼ ¼1 s¼s’; end % s to be a column-vector
% 1st rotation
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A1¼[a �b �c �d
b a �d c
c d a �b
d �c b a];

% 2nd rotation
b¼ �b; c¼ �c; d¼ �d; % for conjugate of quaternion q
A2¼[a �b �c �d

b a d �c
c �d a b
d c �b a];

% Matrix and Rotation by the doubled angle of arcos(a)
matrixR¼A2*A1;
qsq¼matrixR*s; % as qs¼A1*s; qsq¼A2*qs;

%------------------------------------------------------

We also can formulate the task in the following way. Given unit vector p0,
rotate vector s0 around p0 by an angle 2f. To use the above matrix of rotation,
first the quaternion q should be calculated as

q ¼ cosðfÞ þ p0 sinðfÞ,
and then the matrix Aq̄,q can be constructed and used to calculate the rotated
vector Lq, q̄ðs0Þ.
Example 1.24

Let vector s0 be 4.5i� 2jþ 3.5k and rotated around the vector

p0 ¼ 1ffiffiffiffiffi
14

p ði� 2jþ 3kÞ

by the angle 2f, where

f ¼ arccosð1∕
ffiffiffiffiffi
15

p
Þ ¼ 1.3096 rad,

or 75.0368°. The quaternion q is calculated as

q ¼ cosðfÞ þ p0 sinðfÞ ¼ 1ffiffiffiffiffi
15

p þ i � 2j þ 3kffiffiffiffiffi
15

p :

As we know from Example 1.23, rotation of vector s0 results in the vector

Lq, q̄ðs0Þ ¼ �1.5i� 2jþ 5.5k:

Below is the script of the demo code “example_one24.m” for this example
with the function “qsprotation.m,” which calculates the rotation of the vector
s0 around the vector p0 by a given angle.
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%------------------------------------------------------
% example_one24.m / Art Grigoryan, December 31, 2015
s ¼ [0, 4.5, �2, 3.5];
p ¼ [1,�2,3]/sqrt(14);
phi_doubled=2*acos(1/sqrt(15));
qsq ¼ qsprotation(s,p,phi_doubled)
% result: 0 �1.5 �2.0 5.5

%------------------------------------------------------
% qsprotation.m
% rotate a vector s around a unit vector p0 by angle phi
% by using the operator with multiplication by quaternion
% q ¼ cos(phi) þ p0sin(phi), (phi in radians).
function qsq ¼ qsprotation(s,p,phi_doubled)
phi¼phi_doubled/2;
q¼zeros(1,4);
q(1)¼cos(phi);
q(2:4)¼sin(phi)*p;
qsq¼rotateVarroundP(q,s);

%------------------------------------------------------

For this example, we have

Aq, q̄ ¼
1
15

0
BB@

15 0 0 0
0 �11 2 10
0 �10 �5 �10
0 2 �14 5

1
CCA, ¼ AT

q̄, q,

and this property holds for all matrices Aq, q̄.
One can note that two quaternion numbers q ¼ aþ ibþ jcþ kd and

�q ¼ �a� ib� jc� kd define the same matrix, i.e.,

Aq̄,q ¼ A�q̄,�q:

Thus, up to the sign, the number q can be restored from the matrix A ¼ Aq̄,q.
We denote the elements of this matrix by an,m, n,m ¼ 0, 1, 2, 3. If we add all
elements of this matrix along the main diagonal, which is the trace, trðAÞ, we
obtain the following (see Eq. 1.49):

trðAÞ ¼ a0,0 þ a1,1 þ a2,2 þ a3,3 ¼ 1þ 3a2 � b2 � c2 � d2 ¼ 4a2:

Thus, then the real part of q can be calculated by

a ¼ � 1
2

ffiffiffiffiffiffiffiffiffiffiffi
trðAÞ

p
: (1.54)

Three components of the imaginary part of q can be defined from other
elements of the matrix as
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a2,1 � a1,2 ¼ 2ad, a1,3 � a3,1 ¼ 2ac, a3,2 � a2,3 ¼ 2ab,

and therefore

d ¼ a2,1 � a1,2
2a

, c ¼ a1,3 � a3,1
2a

, b ¼ a3,2 � a3,2
2a

: (1.55)

If the quaternion is pure, i.e., a ¼ 0, we can use the second matrix-summand
in Eq. (1.52), the elements of which we denote by sn,m,

Sq̄,q ¼ ðfsn,mg3n,m¼0Þ ¼ 2

0
BB@

0 0 0 0
0 1� b2 bc bd
0 bc 1� c2 cd
0 bd cd 1� d2

1
CCA: (1.56)

Three components of the imaginary part of q can be defined from the diagonal
of this matrix as

s1,1 ¼ 2ð1� b2Þ, s2,2 ¼ 2ð1� c2Þ, a3,3 ¼ 2ð1� d2Þ:

Thus, up to the sign a ¼ �1, we obtain the imaginary components:

b ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s1,1

p
2

, c ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s2,2

p
2

, d ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s3,3

p
2

: (1.57)

1.3.6 Addition of rotations in 3-D space

We have used the property of linearity of the operation of rotation,

Lq, q̄ðs0 þ v0Þ ¼ Lq, q̄ðs0Þ þ Lq, q̄ðv0Þ

for arbitrary vectors s0 and v0.
We also can consider the composition of the rotations, when a vector is

rotated around an axis with unit vector p01 and then around a different axis
characterized by unit vector p02 as

s0 → Lq1, q̄1ðs0Þ → Lq2, q̄2 ½Lq1, q̄1ðs0Þ�: (1.58)

Here, q1 and q2 are unit quaternions, which that can be written as

q1 ¼ cosðf1Þ þ p01 sinðf1Þ and q2 ¼ cosðf2Þ þ p02 sinðf2Þ:

The quaternion multiplication is distributive, and therefore,

Lq2, q̄2 ½Lq1, q̄1ðs0Þ� ¼ Lq2, q̄2ðq1s0q̄1Þ ¼ q2ðq1s0q̄1Þq̄2 ¼ ðq2q1Þs0ðq̄1q̄2Þ,
and we know that ðq̄1q̄2Þ ¼ q2q1. Therefore, denoting the quaternion q2q1 by
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q ¼ cosðfÞ þ p0 sinðfÞ, (1.59)

we obtain the following statement.

Statement 1.4 The consequence of performing two rotations equivalent to the
rotation around vector p0 by angle 2f, where both of these values can be easily
calculated from the quaternion multiplication q ¼ q2q1, is

Lq2, q̄2 ½Lq1, q̄1ðs0Þ� ¼ qs0q̄ ¼ Lq, q̄ðs0Þ: (1.60)

Example 1.25

Consider two unit quaternions

q1 ¼ a1 þ q01 ¼
1ffiffiffi
7

p þ i � j þ 2kffiffiffi
7

p and q2 ¼ a2 þ q02 ¼
1
3
þ 2i � 2j

3
,

and the corresponding unit vectors

p01 ¼
q01
jq01j

¼ i� jþ 2kffiffiffi
6

p and p02 ¼
q02
jq02j

¼ 2i� 2jffiffiffi
8

p ¼ i� jffiffiffi
2

p :

Let us assume that a vector s0 is rotated first around vector p01 and then around
p02 by angles 2f1 and 2f2, where

f1 ¼ arccos
�

1ffiffiffi
7

p
�

¼ 67.7923° and f2 ¼ arccos
�
1
3

�
¼ 70.5288°,

respectively. To find the resulting rotation, we first calculate the quaternion
q ¼ q2q1. The real part of this number is

a ¼ a1a2 � ðq01, q02Þ ¼
1

3
ffiffiffi
7

p ½1� ð2þ 2Þ� ¼ � 1ffiffiffi
7

p ,

and the imaginary part is

q0 ¼ ða1q02 þ a2q01Þ þ ðq01 � q02Þ ¼ 1
3
ffiffi
7

p ½ð2i� 2jÞ þ ði� jþ 2kÞ� � 1
3
ffiffi
7

p

						
i j k
1 �1 2
2 �2 0

						
¼ 1

3
ffiffi
7

p ð3i� 3jþ 2kÞ � 1
3
ffiffi
7

p ð4iþ 4jÞ ¼ 1
3
ffiffi
7

p ð�i� 7jþ 2kÞ:

The vector q0 can be written as

q0 ¼ �i� 7jþ 2k

3
ffiffiffi
7

p ¼ �i� 7jþ 2k

3
ffiffiffi
6

p ·

ffiffiffi
6
7

r
:
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Therefore, the corresponding quaternion is written as

q ¼ q2q1 ¼ � 1ffiffiffi
7

p þ �i � 7j þ 2k

3
ffiffiffi
7

p ¼ �3� i � 7j þ 2k

3
ffiffiffi
7

p ,

the angle of rotation is 2f, where

f ¼ arccosðaÞ ¼ arccos
�
� 1ffiffiffi

7
p

�
¼ 112.2077°,

and vector p0 around which vector s0 is to be rotated is

p0 ¼ �i� 7jþ 2k

3
ffiffiffi
6

p :

Thus, two consecutive rotations of vector s0 by angles 2� 67.7923° and
2� 70.5288° around vectors p01 and p02 can be accomplished by one rotation of
vector s0 around vector p0 by angle 2� 112.2077°.

Example 1.26

In Example 1.25, the angles of rotations 2f1 and 2f2, as well as the summary
angle 2f, are large. Let us consider the consequence of rotating vector s0

around the same unit vectors

p01 ¼
i� 7jþ 2kffiffiffi

6
p and p02 ¼

i� jffiffiffi
2

p

by 30° and 60°, respectively. Our task is to calculate the quaternion q ¼ q2q1
that describes this rotation.

Since

cosð15°Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cosð30°Þp

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffi
3

p
2

q
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2

and

sinð15°Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cosð30°Þp

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

ffiffi
3

p
2

q
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
,

the quaternion q1 ¼ a1 þ q01 is calculated by

q1 ¼ cosð15°Þ þ p01 sinð15°Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2
þ p01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
:
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The second quaternion q2 ¼ a2 þ q02 is

q2 ¼ cosð30°Þ þ p02 sinð30°Þ ¼
ffiffiffi
3

p

2
þ p02

1
2
:

To calculate the vector q ¼ q2q1, we first consider its real part

a ¼ a1a2 � ðq01, q02Þ ¼ a1a2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
1
2
ðp01, p02Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2

ffiffiffi
3

p

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

4
1ffiffiffi
6

p ffiffiffi
2

p ð1þ 1þ 0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6þ 3

ffiffiffi
3

pp
4

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 3

ffiffiffi
3

pp
12

,

or a ¼ 0.7618. This number defines the doubled angle 2f of rotation, where

f ¼ arccosðaÞ ¼ 0.7047 rad,

or 40.3767°.
The imaginary part of q ¼ q2q1 can be calculated by

q0 ¼ ða2q01þ a1q02Þþ q02� q01 ¼ ða2q01þ a1q02Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
1
2

1ffiffiffi
2

p 1ffiffiffi
6

p
						
i j k

1 �1 0

1 �1 2

						
¼
� ffiffiffi

3
p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

2
·
i� jþ 2kffiffiffi

6
p þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

2
·
i� j

2
ffiffiffi
2

p
�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� ffiffiffi

3
pp

8
ffiffiffi
3

p ð�2i� 2jÞ

¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4� 2
ffiffiffi
3

pp
8

ði� jþ 2kÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2

ffiffiffi
3

pp
8

ði� jÞ
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 3

ffiffiffi
3

pp
12

ðiþ jÞ:

The components of this vector are

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2

ffiffiffi
3

pp
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2

ffiffiffi
3

pp
8

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 3

ffiffiffi
3

pp
12

¼ 0.3583,

c ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2

ffiffiffi
3

pp
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2

ffiffiffi
3

pp
8

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 3

ffiffiffi
3

pp
12

¼ �0.5077,

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2

ffiffiffi
3

pp
4

¼ 0.1830:

Thus, the required quaternion is

q ¼ aþ q0 ¼ 0.7618þ ð0.3583i � 0.5077j þ 0.1830kÞ, (1.61)

and it can be verified that jqj2 ¼ 1. From this number, we find the unit vector
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p0 ¼ q0

jq0j ¼
0.3583i � 0.5077j þ 0.1830kffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2
p ¼ 0.3583i � 0.5077j þ 0.1830k

0.6478
:

Of course, it is difficult to make such calculations by hand, and we can write
the code to calculate all required data. As an example, a simple script of the
code “example_one26.m” is given below with the input data of our example.

%------------------------------------------------------
% example_one26.m / Art Grigoryan, January 1, 2016
% Rotation of the vector around two unit vectors p1 and p2
% by the given angles phi_1 and phi_2, respectively.
% 1. Given data:
s¼[0, 4.5, �2, 3.5];
p1¼[1,�1,2]/sqrt(6); phi_1¼30/180*pi;
p2¼[1,�1,0]/sqrt(2); phi_2¼60/180*pi;

% 2. Calculation of the quaternions q1, q2, and q¼q2*q1:
q1¼[cos(phi_1/2),sin(phi_1/2)*p1]; % 0.9659 0.1057
�0.1057 0.2113
q2¼[cos(phi_2/2),sin(phi_2/2)*p2]; % 0.8660 0.3536
�0.3536 0
q ¼ mult2qs_direct(q2,q1); % 0.7618 0.3583
�0.5077 0.1830

% 3. Calculation of the vector p, angle, matrix, and rotated
vector:
[q_abs,p,phi]¼qinpolform(q); % 1, 0.5531 �0.7838
0.2825, 0.7047
[qsq,matrixR]¼rotateVarroundP(q,s);
% qsq ¼ [ �0.0000 0.9153 �4.2961 4.1480]
% matrixR ¼ [1 0 0 0
% 0 0.4174 �0.6427 �0.6424
% 0 �0.0850 0.6763 �0.7317
% 0 0.9047 0.3601 0.2277]

%------------------------------------------------------

The results of this program are the following:

q1 ¼ 0.9659þ 0.1057i � 0.1057j þ 0.2113k,

q2 ¼ 0.8660þ 0.3536i � 0.3536j,

q ¼ q2q1 ¼ 0.7618þ 0.3583i � 0.5077j þ 0.1830k,

p0 ¼ 0.5531i � 0.7838j þ 0.2825k,

f ¼ 0.7047 rad:

(1.62)
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Here, q coincides with the quaternion number in Eq. (1.61). The matrix
of vector s0 rotation around vector p0 by the angle f ¼ 0.7047, or
40.3767°, is

Aq̄,q ¼

0
BB@

1 0 0 0
0 0.4174 �0.6427 �0.6424
0 �0.0850 0.6763 �0.7317
0 0.9047 0.3601 0.2277

1
CCA, ½detðAq̄,qÞ ¼ 1�,

and the rotated vector is

Lq, q̄ðs0Þ ¼ 0.9153i� 4.2961jþ 4.1480k:

One can verify that, for this example, jLq, q̄ðs0Þj ¼ js0j ¼ 6.0415.

1.4 The Quaternion Exponential Function

The above-considered module jqj of the quaternion is an example of the non-
negative function over the quaternions q ¼ aþ q0. Other functions are the real
component a and imaginary, or vector, component q0 of the quaternion q, and
the quaternion conjugate q̄. In this section, we consider the concept of the
exponential function in quaternion arithmetic, which is important in
understanding rotations in the vector space of a quaternion, as well as in
studying of the application of quaternion Fourier transforms, which will be
described in the next chapters.

P1. We consider the Taylor series for the exponential function in the real
case: [36]

ex ¼ expðxÞ ¼ 1þ xþ x2

2!
þ x3

3!
þ x4

4!
þ x5

5!
þ · · ·

together with two series

cosðxÞ ¼ 1þ
X̀
n¼1

ð�1Þn x2n

ð2nÞ! ,

sinðxÞ ¼
X̀
n¼0

ð�1Þn x2nþ1

ð2nþ 1Þ! :

The first series for the imaginary number ix is
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eix ¼ expðixÞ ¼ 1þ ðixÞ þ ðixÞ2
2!

þ ðixÞ3
3!

þ ðixÞ4
4!

þ ðixÞ5
5!

þ · · ·

¼ 1þ ix� x2

2!
� i

x3

3!
þ x4

4!
þ i

x5

5!
þ · · ·

¼
�
1� x2

2!
þ x4

4!
� · · ·

�
þ i

�
x� x3

3!
þ x5

5!
� · · ·

�
¼ cosðxÞ þ i sinðxÞ:

The Taylor series can also be used for the quaternions as

eq ¼ expðqÞ ¼ 1þ
X̀
n¼1

qn

n!
: (1.63)

The convergence of this series can be shown by considering two properties of
the modulus operation: (1) the triangle inequality jq1 þ q2j ≤ jq1j þ jq2j and
(2) modulus of the power jqnj ¼ jqjn, for positive integer n. Indeed, the
following inequalities hold:

jeqj ¼
				1þ X̀

n¼1

qn

n!

				 ≤ 1þ
X̀
n¼1

				 qnn!
				 ¼ 1þ

X̀
n¼1

jqnj
n!

¼ 1þ
X̀
n¼1

jqjn
n!

¼ ejqj:

Let us first describe the case when q ¼ mq, where q is a real number as an
angle, and m is a pure unit quaternion (m2 ¼ �1). One can note that

m3 ¼ ðm2Þm ¼ �m, m4 ¼ ðm2Þ2 ¼ 1, m5 ¼ ðm4Þm ¼ m, m6 ¼ ðm2Þ3 ¼ �1, . . .

or

m2n ¼ ð�1Þn, m2nþ1 ¼ ð�1Þnm, n ¼ 0, 1, 2, . . . :

Therefore, the quaternion number expðmqÞ can be written as

emq ¼ 1þ
X̀
n¼1

ðmqÞn
n!

¼ 1þ
X̀
n¼1

ðmÞnðqÞn
n!

¼
�
1þ

X̀
n¼1

ð�1Þn ðqÞ
2n

ð2nÞ!
�
þ m

�X̀
n¼0

ð�1Þn ðqÞ2nþ1

ð2nþ 1Þ!
�

¼ cosðqÞ þ m sinðqÞ:

Any pure quaternion q can be written as

q ¼ q0 ¼ q0

jq0j jq
0j ¼ mq, where m ¼ q0

jq0j ,q ¼ jq0j . 0,
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and therefore,

eq ¼ cosðqÞ þ m sinðqÞ ¼ cosðjq0jÞ þ q0

jq0j sinðjq
0jÞ:

In general, when q ¼ aþ q0, the real number a is commutative with q0,
i.e., aq0 ¼ q0a. Therefore, we can define the exponential function as

eq ¼ eaþq0 ¼ eaeq
0 ¼ ea½cosðqÞ þ m sinðqÞ�, (1.64)

or

eq ¼ ea
�
cosðjq0jÞ þ q0

jq0j sinðjq
0jÞ
�
:

We consider the exponent of the imaginary part of q to be

eq
0 ¼ cosðqÞ þ m sinðqÞ ¼ cosðqÞ þ imi sinðqÞ þ jmj sinðqÞ þ kmk sinðqÞ:
Therefore, the quaternion exponent can be written as

eq
0 ¼ ½1� ðmi þ mj þ mkÞ� cosðqÞ þ mieiq þ mjejq þ mkekq:

It should be noted that, for a given pure quaternion m, the number

Q ¼ cosðqÞ þ m sinðqÞ
is a quaternion number, and this number is the exponent Q ¼ emq only if m is a
pure unit quaternion. Otherwise, we can express the number

Q ¼ ð1� jmjÞ cosðqÞ þ jmj
�
cosðqÞ þ m

jmj sinðqÞ
�
¼ ð1� jmjÞ cosðqÞ þ jmje m

jmjq

as the arithmetic sum of the cosine and exponent.

Example 1.27

Consider the quaternion q ¼ 1þ i � 2j þ k, which can be written as

q ¼ 1þ mq ¼ 1þ i � 2j þ kffiffiffi
6

p
ffiffiffi
6

p
:

Then, the exponential number expðqÞ is calculated as

eq ¼ e1
�
cosð

ffiffiffi
6

p
Þ þ i � 2j þ kffiffiffi

6
p sinð

ffiffiffi
6

p
Þ
�
:
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The real part of the exponent is

ðeqÞe ¼ e1 cosð
ffiffiffi
6

p
Þ ¼ �2.0928,

and the components of the imaginary part equal

ðeqÞi ¼ e1
1ffiffiffi
6

p sinð
ffiffiffi
6

p
Þ ¼ 0.7082,

ðeqÞj ¼ e1
�2ffiffiffi
6

p sinð
ffiffiffi
6

p
Þ ¼ �1.4164,

ðeqÞk ¼ e1
1ffiffiffi
6

p sinð
ffiffiffi
6

p
Þ ¼ 0.7082:

The exponent of q equals

eq ¼ �2.0928þ ð0.7082i � 1.4164j þ 0.7082kÞ:

The length of this number jeqj ¼ 2.7183 and ejqj ¼ e2.6458 ¼ 14.0940. One can
note that, if the imaginary part has equal components, then the corresponding
components of the imaginary part of the exponent expðqÞ are equal, too. For
instance, if qi ¼ qk, then ðeqÞi equals ðeqÞk; and if qi ¼ qj, then ðeqÞi ¼ ðeqÞj.

Below is the script of the MATLAB-based code “test_expofq.m” for this
example with the function “expofq.m” to calculate the quaternion exponential
function. We can also check that, for the numbers q1 ¼ 1þ i, q2 ¼ 1� 2j, and
q3 ¼ 1þ k, the exponential function equals

e1þi ¼ 1.4687þ 2.2874i, e1þk ¼ 1.4687þ 2.2874k,

e1�2j ¼ �1.1312� 2.4717j,

and the complex exponential function e1þi ¼ 1.4687þ 2.2874i and e1�2i ¼
�1.1312� 2.4717i.

%------------------------------------------------------
% test_expof.m
q¼[1,1,�2,1];
qexp ¼ expofq(q); % �2.0928 0.7082 �1.4164 0.7082

% Checking the function
qexp¼expofq([1,0,�2,0]); % �1.1312 0 �2.4717 0
zexp¼exp(1�2*i); % �1.1312 �2.4717i
%
qexp¼expofq([1,1,0,0]); % 1.4687 2.2874 0 0
zexp¼exp(1þi); % 1.4687 þ 2.2874i
qexp¼expofq([1,0,0,1]); % 1.4687 0 0 2.2874
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%------------------------------------------------------
% expofq.m / Artyom Grigoryan, January 8, 2016
% calculate the quaternion exponent function
function qexp¼expofq(q)
qim¼q(2:4); % imaginary part of q
theta¼norm(qim); % angle theta¼|qim|¼sqrt

(b^2þc^2þd^2)
mu_vector¼qim/theta; % unit \mu
e1¼exp(q(1));
qexp(1)¼e1*cos(theta);
qexp(2:4)¼(e1*sin(theta))*mu_vector; % See Eq. 1.64

%------------------------------------------------------

P2. It is known that the cosine, sine, and complex exponential functions
are periodic with the fundamental period T ¼ 2p,

cosðxÞ ¼ cosðxþ 2pnÞ, sinðxÞ ¼ sinðxþ 2pnÞ, eix ¼ eiðxþ2pnÞ,

for any integer n. In the definition of the quaternion exponential function
[Eq. (1.64)], the pure unit vector m ¼ q0∕jq0j is used. This vector is directed as
the vector q0; both vectors are on the same radial ray. Let us consider new
vectors

q0n ¼ q0 þ m2pn ¼ q0 þ q0

jq0j 2pn, n ¼ 0, � 1, � 2, . . . :

One can notice that, if two numbers q1 and q2 are commutative, i.e.,
q1q2 ¼ q2q1, then expðq1 þ q2Þ ¼ expðq1Þ expðq2Þ. In our case, vectors q0 and
ðq0∕jq0jÞ2pn are commutative; therefore,

eq
0
n ¼ eq

0þ q0
jq0 j2pn ¼ eq

0
e

q0
jq0 j2pn ¼ eq

0
�
cosð2pnÞ þ q0

jq0j sinð2pnÞ
�
¼ eq

0
:

We also could write the following:

eq
0þ q0

jq0 j2pn ¼ e
q0
jq0 jðjq0jþ2pnÞ ¼ cosðjq0j þ 2pnÞ þ q0

jq0j sinðjq
0j þ 2pnÞ

¼ cosðjq0jÞ þ q0

jq0j sinðjq
0jÞ ¼ eq

0
:

P3. Consider a pure unit quaternion number m and the exponential number

expðmqÞ ¼ cosðqÞ þ m sinðqÞ:
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When the number m ¼ i, j, or k, this exponential function is the traditional
complex exponential function. Any unit quaternion number q ¼ aþ q0 can be
written in such a form. Indeed, let jqj ¼ 1, and m be the pure unit quaternion
m ¼ q0∕jq0j, i.e., q0 ¼ mjq0j. Because of the equality

a2 þ jq0j2 ¼ 1,

there exists an angle q ∈ ½0,p�, such that

cosðqÞ ¼ a and sinðqÞ ¼ jq0j:
Therefore, we can write

q ¼ aþ mjq0j ¼ cosðqÞ þ m sinðqÞ ¼ emq: (1.65)

The unit vector m is in the direction of vector q0.
P4. We now consider the inverse q�1 to the quaternion q ¼ cosðqÞþ

m sinðqÞ, i.e., such that qq�1 ¼ 1. In complex arithmetic, the inverse to
z ¼ cosðqÞ þ i sinðqÞ is the complex conjugate z�1 ¼ z̄ ¼ cosðqÞ � i sinðqÞ.
For the quaternion exponential function, a similar property holds:

q�1 ¼ q̄ ¼ cosðqÞ � m sinðqÞ ¼ expð�mqÞ: (1.66)

Indeed, qðq̄Þ ¼ jqj2 ¼ 1, or we can perform the direct calculations as

½cosðqÞ þ m sinðqÞ�½cosðqÞ � m sinðqÞ� ¼ cos2ðqÞ � m2 sin2ðqÞ ¼ 1,

where m2 ¼ �jmj2 ¼ �1.
Now we consider the inverse number to eq, for any quaternion

q ¼ aþ mq, where m2 ¼ �1. The following calculations hold:

ðeqÞ�1 ¼ ðeaemqÞ�1 ¼ e�aðemqÞ�1

¼ e�a e�mq

jemqj2 ¼ e�ae�mq ¼ e�a�mq ¼ e�q:

Thus,

ðeqÞ�1 ¼ e�q ¼ e�a½cosðqÞ � m sinðqÞ�: (1.67)

P5. Consider two quaternions, q1 ¼ 1þ 2i � j þ k and q2 ¼ 2� iþ
4j � 2k. The exponents of these numbers and their sum are the following:

eq1 ¼ �2.0928þ ð1.4164i � 0.7082j þ 0.7082kÞ,

eq2 ¼ �0.9565þ ð1.5989i � 6.3954j þ 3.1977kÞ,
and
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eðq1þq2Þ ¼ �19.7786þ ð�1.0546i � 3.1638j þ 1.0546kÞ:
The product of two the exponents equals

eq1eq2 ¼ �7.0565þ ð�2.4363i þ 10.6650j � 15.2956kÞ:
All of these numbers were calculated by the code “test_expof2.m,” a script of
which is given below.

%------------------------------------------------------
% test_expof2.m
q1¼[1, 2,�1, 1];
q2¼[2,�1 ,4,�2];
q1exp ¼ expofq(q1); % �2.0928 1.4164 �0.7082 0.7082
q2exp ¼ expofq(q2); % �0.9565 1.5989 �6.3954 3.1977
q12exp ¼ expofq(q1þq2); % �19.7786 �1.0546 �3.1638

1.0546
qexp12=mult2qs_direct(q1exp,q2exp);

% �7.0565 �2.4363 10.6650
�15.2956

%------------------------------------------------------

One can see that, for these quaternions,

eðq1þq2Þ ≠ eq1eq2 :

This statement is also valid in the general case when q1 ≠ kq2, where k is a real
number.

P6. It is not difficult to see that, for any angles q1 and q2, the following
holds:

expðmq1Þ expðmq2Þ ¼ ½cosðq1Þ þ m sinðq1Þ�½cosðq2Þ þ m sinðq2Þ�
¼ ½cosðq1Þ cosðq2Þ þ m2 sinðq1Þ sinðq2Þ�
þ m½cosðq1Þ sinðq2Þ þ sinðq1Þ cosðq2Þ�

¼ cosðq1 þ q2Þ þ m sinðq1 þ q2Þ ¼ exp½mðq1 þ q2Þ�:
In the q1 ¼ q2 case, we obtain

ðemq1Þ2 ¼ e2mq1 ;

therefore, ðeqÞ2 ¼ e2q for any quaternion number.
For any pure unit quaternions m and n,

expðmq1Þ expðnq1Þ ¼ ½cos2ðq1Þ þ mn sin2ðq1Þ� þ
mþ n

2
sinð2q1Þ;

therefore, if m ≠ n,
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expðmq1Þ expðnq1Þ ≠ exp½ðmþ nÞq1�:
P7. The quaternion also can be represented in a polar form as

q ¼ jqj expðmqÞ,
where m is a pure unit quaternion m ¼ imi þ jmj þ kmk, such that jmj ¼ 1,
m2 ¼ �1, and q is a real angle in the interval ½0,p� Indeed,

q ¼ aþ q0 ¼ jqj
�

a
jqj þ

q0

jqj
�

¼ jqj
�

a
jqj þ

q0

jq0j þ
jq0j
jqj

�

¼ jqj
�

a
jqj þ m

jq0j
jqj

�
¼ jqj½cosðqÞ þ m sinðqÞ�,

where the pure unit quaternion m and the angle q are calculated by

m ¼ q0

jq0j and q ¼ arccos
�

a
jqj

�
: (1.68)

It should be noted that the sine of this angle is not negative, sinðqÞ ¼ jq0j∕jqj
therefore, the angles q in the polar form of the quaternions are from the
interval ½0,p�.

The polar form is unique, as the classic polar form of complex numbers.
Indeed, consider the following equation for the unit quaternion q with jqj ¼ 1:

q ¼ qeþ ibþ jcþ kd ¼ cosðqÞ þ ðimi þ jmj þ kmkÞ sinðqÞ,

from which it follows that if jqej ≠ 1; then,

cosðqÞ ¼ a,mi ¼ b∕ sinðqÞ,mj ¼ c∕ sinðqÞ,mk ¼ d∕ sinðqÞ:

In the jaj ¼ 1 case, b ¼ c ¼ d ¼ 0; therefore, mi ¼ mj ¼ mk ¼ 0 and q ¼ p.
P8. Given a real number x, the power of quaternion q is defined as

qx ¼ ½jqj expðmqÞ�x ¼ jqjx½expðmqÞ�x
¼ jqjx½expðmxqÞ� ¼ jqjx½cosðxqÞ þ m sinðxqÞ�:

We can verify this definition for the square of q as follows:

jqj2½cosð2qÞ� þm sinð2qÞ� ¼ jqj2½cos2ðqÞ � sin2ðqÞ þ 2m sinðqÞ cosðqÞ�
¼ jqj2½cosðqÞ þ m sinðqÞ�2 ¼ fjqj½cosðqÞ þ m sinðqÞ�g2 ¼ ðqÞ2:
The x ¼ 1∕2 case corresponds to the calculation of the square root of the

quaternion q,
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ffiffiffi
q

p ¼ q1∕2 ¼
ffiffiffiffiffi
jqj

p �
cos

�
q

2

�
þ m sin

�
q

2

��
:

Example 1.28

Consider the square root, square, and cube of the quaternion q ¼ 1� i þ 2jþ
3k with the length jqj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1þ 4þ 9
p ¼ ffiffiffiffiffi

15
p

, which can be written as

q ¼
ffiffiffiffiffi
15

p �
1ffiffiffiffiffi
15

p þ �i þ 2j þ 3kffiffiffiffiffi
15

p
�
,

and whose imaginary part is

q0 ¼ �i þ 2j þ 3k ¼ �i þ 2j þ 3kffiffiffiffiffi
14

p ·
ffiffiffiffiffi
14

p
:

The angle q is calculated by

q ¼ arccos
�

1ffiffiffiffiffi
15

p
�

¼ 75.0368°,

and the vector is

m ¼ q0

jq0j ¼
�i þ 2j þ 3kffiffiffiffiffi

14
p :

The following calculations hold for the square root:

ffiffiffi
q

p ¼
ffiffiffiffiffi
jqj

p �
cos

�
q

2

�
þ m sin

�
q

2

��

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15

pq �
cosð37.5184°Þ þ �i þ 2j þ 3kffiffiffiffiffi

14
p sinð37.5184°Þ

�
¼ 1.5609þ 0.3203ð�i þ 2j þ 3kÞ:

The square of q can be calculated by

q2 ¼ jqj2½cosð2qÞ þ m sinð2qÞ� ¼ 15½cosð2qÞ þ m sinð2qÞ�

¼ 15
�
cosð150.0736°Þ þ �i þ 2j þ 3kffiffiffiffiffi

14
p sinð150.0736°Þ

�

¼ �13þ 2ð�i þ 2j þ 3kÞ:
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The cube of q can be calculated similarly;

q3 ¼ jqj3½cosð3qÞ þ m sinð3qÞ�

¼ ð
ffiffiffiffiffi
15

p
Þ3
�
cosð225.1103°Þ þ �i þ 2j þ 3kffiffiffiffiffi

14
p sinð225.1103°Þ

�

¼ �41� 11ð�i þ 2j þ 3kÞ:
P9.Using the polar form of the quaternion q ¼ aþ ðibþ jcþ kdÞ, we can

define the quaternion logarithm function. Indeed, we can write q as

q ¼ jqjemq ¼ eln jqjemq ¼ eln jqjþmq:

Then, the logarithm of q can be defined as

ln q ¼ ln jqj þ mq ¼ ln jqj þ ibþ jcþ kdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c2 þ d2

p arccos
�

a
jqj

�
: (1.69)

This is a quaternion number, which we denote by

ln q ¼ a1 þ ib1 þ jc1 þ kd1

with the components

a1 ¼ ln jqj ¼ 1
2
lnð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2 þ d2

p
Þ,

b1 ¼
bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ c2 þ d2
p arccos

�
a
jqj

�
,

c1 ¼
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ c2 þ d2
p arccos

�
a
jqj

�
,

d1 ¼
dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ c2 þ d2
p arccos

�
a
jqj

�
:

(1.70)

Thus, the components b1, c1 , and d1 are proportional to the components b, c,
and d, respectively:

b1
b
¼ c1

c
¼ d1

d
¼ 1

jq0j arccos
�

a
jqj

�
:

Example 1.29

Consider the quaternion q ¼ 1þ 2i � 3j þ k. The logarithm of this number is

ln q ¼ 1.3540þ 0.700i � 1.0500j þ 0.3500k:
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Indeed, jqj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4þ 9þ 1

p ¼ ffiffiffiffiffi
15

p ¼ 3.8730, a1 ¼ ln 3.8730 ¼ 1.3540, and
the imaginary components are

b1 ¼
2ffiffiffiffiffi
14

p arccos
�

1ffiffiffiffiffi
15

p
�

¼ 2ffiffiffiffiffi
14

p · 1.3096 ¼ 0.7000,

c1 ¼
�3ffiffiffiffiffi
14

p arccos
�

1ffiffiffiffiffi
15

p
�

¼ �b1
3
2
¼ �1.0500,

d1 ¼
1ffiffiffiffiffi
14

p arccos
�

1ffiffiffiffiffi
15

p
�

¼ b1
2
¼ 0.3500:

Below is the script of the MATLAB-based code for this example,
“test_logofq.m,” which uses the function “logofq.m” to calculate the
logarithm by Eq. (1.70). The command “qexp ¼ expofq(qq)” is used to
verify that the exponent of the logarithm of q is q.

%------------------------------------------------------
% test_logofq.m
q¼[1,2,�3,1];
qq¼logofq(q); % 1.3540 0.7000 �1.0500 0.3500
qexp¼expofq(qq); % is q¼[1 2 �3 1];

%------------------------------------------------------
% call: logofq.m / Art Grigoryan, January 9, 2016
% calculate the quaternion exponent function
%------------------------------------------------------
function qln¼logofq(q)
q_modul¼norm(q);
a1¼log(q_modul);
qim¼q(2:4); % imaginary part of q
qm¼norm(qim); % qm=sqrt(b^2þc^2þd^2)
phi¼acos(q(1)/q_modul);
k¼phi/qm;
bcd1¼k*q(2:4); % imaginary part [b1 c1 d1]
qln¼[a1 bcd1]; % ln(q)¼[a1 b1 c1 d1]

%------------------------------------------------------

To express the components of the number q by the components of the
number ln q, we can represent q ¼ aþ bi þ cj þ dk as the logarithm in the
exponent

q ¼ eln q ¼ ea1þib1þjc1þkd1 ¼ ea1eib1þjc1þkd1 :

We consider all components of the quaternion exponent,
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q ¼ ea1eib1þjc1þkd1 ¼ ea1e

ib1þjc1þkd1ffiffiffiffiffiffiffiffiffiffiffiffi
b2
1
þc2

1
þd2

1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b21þc21þd2

1

p

¼ ea1

"
cos

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b21 þ c21 þ d2

1

q �
þ ib1 þ jc1 þ kd1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b21 þ c21 þ d2
1

q sin
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b21 þ c21 þ d2
1

q �#
:

Let w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b21 þ c21 þ d2

1

q
. Then, we can write that the real part of q is

a ¼ ea1 cosðwÞ, and a1 ¼ ln jqj: (1.71)

To express the imaginary components of the logarithm by the number q, we
use the following equalities:

b ¼ b1jqj
w

sinðwÞ, c ¼ c1jqj
w

sinðwÞ, d ¼ d1jqj
w

sinðwÞ:

Using the sinc function

sinðwÞ ¼ sinðwÞ
w

, sincð0Þ ¼ 1,

we can write

b ¼ b1jqjsincðwÞ, c ¼ c1jqjsincðwÞ, d ¼ d1jqjsincðwÞ: (1.72)

Therefore, the components of the quaternion logarithm can also be
calculated by

b1 ¼
b
jqj ½sincðwÞ�

�1,

c1 ¼
c
jqj ½sincðwÞ�

�1, or c1 ¼ c
b1
b

if b ≠ 0,

d1 ¼
d
jqj ½sincðwÞ�

�1, or d1 ¼ d
b1
b

if b ≠ 0:

(1.73)

Below is the script of the code “test_logofq2.m” for the calculation of the
logarithm of the quaternion q ¼ 1þ 2i � 3j þ k. In this script, the function
“logofq2.m” is used to calculate the logarithm of the quaternion by Eq. (1.73).

%------------------------------------------------------
% test_logofq2.m
q¼[1,2,�3,1];
qq¼logofq2(q); % 1.3540 0.7000 �1.0500 0.3500
qexp ¼ expofq(qq); % is q ¼ [1 2 �3 1];

%------------------------------------------------------
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% call: logofq2.m / Art Grigoryan, January 9, 2016
% calculate the quaternion exponent function
function qln ¼ logofq2(q)
q_modul¼norm(q);
a1¼log(q_modul);
phi¼acos(q(1)/q_modul);
k¼q_modul*sinc(phi/pi); % See Eq. 1.72
bcd1 ¼ q(2:4)/k; % imaginary part [b1 c1 d1]
qln¼[a1 bcd1]; % ln(q) ¼ [a1 b1 c1 d1]

%------------------------------------------------------

Thus, two functions “logofq(q)” and “logofq2(q)” can be used to calculate
the logarithm of a quaternion number q. We note here that the command
“sinc” in MATLAB calculates sincðwÞ as sinðpwÞ∕½pðwÞ�.

1.5 Quaternion Trigonometric and Hyperbolic Functions

The quaternion exponential function allows for extending the concept of the
cosine, sine, and tangent functions to the quaternion space. Given a pure unit
quaternion number m, the exponential function of angle q is defined as

emq ¼ cosðqÞ þ m sinðqÞ,

and e�mq ¼ cosðqÞ � m sinðqÞ. Therefore, the real cosine and sine functions
can be written as

cosðqÞ ¼ 1
2
ðemq þ e�mqÞ,

and

sinðqÞ ¼ 1
2m

ðemq � e�mqÞ ¼ m

2
ðemq � e�mqÞ:

To extend these concepts to the quaternion functions, we define the
quaternion cosine and sine in a way that is similar to the complex case:

cosðqÞ ¼ 1
2
ðemq þ e�mqÞ, sinðqÞ ¼ 1

2m
ðemq � e�mqÞ:

Here, the unit m can be considered to be the number from the representation
of the quaternion q ¼ a1 þ mq.

The quaternion hyperbolic cosine and sine can be defined as

coshðqÞ ¼ 1
2
ðeq þ e�qÞ, sinhðqÞ ¼ 1

2
ðeq � e�qÞ:
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Example 1.30

Consider the quaternion q ¼ 1þ 2i þ ffiffiffiffi
3j

p � 3k and write it as

q ¼ 1þ 2i þ ffiffiffiffi
3j

p � 3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 3þ 9

p · 4:

When representing this quaternion as q ¼ aþ mq, we have a ¼ 1,q ¼ 4, and

m ¼ 2i þ ffiffiffiffi
3j

p � 3kffiffiffi
4

p ¼ 1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k, ðm2 ¼ �1Þ:

Therefore, the exponent expðqÞ can be written as

eq ¼ eaemq ¼ e�1

�
cosð4Þ þ

�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinð4Þ
�
,

and

e�q ¼ e�ae�mq ¼ e�1

�
cosð4Þ þ

�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinð4Þ
�
:

The number mq is mðaþ mqÞ ¼ �qþ am; therefore,

emq ¼ e�qeam ¼ e�q½cosðaÞ þ m sinðaÞ�

¼ e4
�
cosð1Þ þ

�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinð1Þ
�
,

and

e�mq ¼ e�qe�am ¼ e4
�
cosð1Þ �

�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinð1Þ
�
:

Therefore, the cosine of the quaternion q can be calculated as follows:

cosðqÞ ¼ 1
2
ðemqþ e�mqÞ ¼ cosð1Þ · e

�4þ e4

2
þ e�4� e4

2

�
1
2
iþ

ffiffiffi
3

p

4
j� 3

4
k
�
sinð1Þ:

This cosine can also be written as

cosðqÞ ¼ cosð1Þ coshð4Þ � m sinhð4Þ sinð1Þ:

It also not difficult to see that the quaternion sine can be calculated by

sinðqÞ ¼ sinð1Þ coshð4Þ þ m sinhð4Þ cosð1Þ:
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Indeed, since m2 ¼ �1, we can write

1
2m

ðemq � e�mqÞ ¼ cosð1Þ · e
�4 � e4

2m
þ e�4 þ e4

2m

�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinð1Þ

¼ cosð1Þ · e
�4 � e4

2m
þ e�4 þ e4

2
sinð1Þ

¼ cosð1Þ · e
�4 � e4

�2
mþ e�4 þ e4

2
sinð1Þ

¼ cosð1Þ sinhð4Þmþ coshð4Þ sinð1Þ:

The quaternion hyperbolic cosine can be calculated by

coshðqÞ ¼ 1
2
ðeq þ e�qÞ ¼ cosð4Þ · e

1 þ e�1

2
þ e1 � e�1

2

�
1
2
iþ

ffiffiffi
3

p

4
j� 3

4
k
�

sinð4Þ,

or

coshðqÞ ¼ cosð4Þ coshð1Þ þ
�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

sinhð1Þ sinð4Þ:

The quaternion hyperbolic sine can similarly be calculated as

sinhðqÞ ¼ 1
2
ðeq � e�qÞ ¼ cosð4Þ · e

1 � e�1

2
þ e1 þ e�1

2

�
1
2
iþ

ffiffiffi
3

p

4
j� 3

4
k
�

sinð4Þ,

or

sinhðqÞ ¼ cosð4Þ sinhð1Þ þ
�
1
2
i þ

ffiffiffi
3

p

4
j � 3

4
k
�

coshð1Þ sinð4Þ:

Summarizing the above calculations, we can write that the quaternion
cosine and sine and hyperbolic cosine and sine can be represented as

cosðqÞ ¼ cosðaÞ coshðqÞ � m sinhðqÞ sinðaÞ,
sinðqÞ ¼ sinðaÞ coshðqÞ þ m sinhðqÞ cosðaÞ,

coshðqÞ ¼ cosðqÞ · coshðaÞ þ m sinhðaÞ sinðqÞ,
sinhðqÞ ¼ cosðqÞ · sinhðaÞ þ m coshðaÞ sinðqÞ,

(1.74)

This representation is valid for any quaternion q.
The hyperbolic tangent is defined as

tanhðqÞ ¼ sinhðqÞ
coshðqÞ ¼

eq � e�q

eq þ e�q ¼
eq � e�q

eq þ e�q ·
eq

eq
¼ e2q � 1

e2q þ 1
,

since according to Eq. (1.67), e�q ¼ ðeqÞ�1, or e�qeq ¼ 1.
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Here, we note that in the division of the hyperbolic sine, the left and right
divisions by the hyperbolic cosine are the same, i.e.,

sinhðqÞ
coshðqÞ ¼

1
coshðqÞ sinhðqÞ ¼ sinhðqÞ 1

coshðqÞ :

Indeed, as mentioned in sub-section 1.1.5 (property P4), when dividing
quaternions q1 by q2, the divisions from the right and left are the same if
q2q1 ¼ q1q2. In our case, this requirement holds:

ðeq þ e�qÞðeq � e�qÞ ¼ ðe�q þ eqÞðeq � e�qÞ ¼ e2q � e12q

and

ðeq � e�qÞðeq þ e�qÞ ¼ ðeq � e�qÞðe�q þ eqÞ ¼ e2q � e�2q:

The hyperbolic cotangent is similarly defined as

cothðqÞ ¼ coshðqÞ
sinhðqÞ ¼ eq þ e�q

eq � e�q ¼
eq þ e�q

eq � e�q :
eq

eq
¼ e2q þ 1

e2q � 1
:

1.6 Quaternion-Type Numbers

In 4-D space, numbers other than quaternion numbers can be considered and
applied in signal and image processing. We mention three such types of
numbers, which are called pseudo-quaternions, degenerate quaternions, and
degenerate pseudo-quaternions [34].

• Pseudo-quaternions q ¼ ða, b, c, dÞ are defined as the numbers

q ¼ aþ ibþ ecþ f d,

where i,e, and f are unit numbers with multiplications given in Table 1.3.
The conjugate number q is defined as

q ¼ a� ib� ec� f d;

therefore, the module of the pseudo-quaternion number q is defined by

Table 1.3 Table T(1, i, e, f) of multiplica-
tions of pseudo-quaternion unit numbers.

1 i e f
1 1 i e f
i i �1 f �e
e e �f 1 �i
f f e i 1
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jqj2 ¼ jqqj ¼ a2 � b2 � c2 � d2:

• The degenerate quaternions q ¼ ða, b, c, dÞ are defined as the numbers

q ¼ aþ ibþ εcþ hd,

where i, ε, and h are the numbers with multiplications given in Table 1.4.
The conjugate number q is defined as

q ¼ a� ib� εc� hd:

The module of the degenerate quaternion number q is defined by

jqj2 ¼ jqqj ¼ a2 þ b2:

• The degenerate pseudo-quaternions q ¼ ða, b, c, dÞ are defined as the
numbers

q ¼ aþ ebþ εcþ zd,

where e, ε, and z are the numbers with multiplications given in Table 1.5.
The conjugate number q is defined as

q ¼ a� ib� εc� jd:

The module of the degenerate quaternion number q is defined by

jqj2 ¼ jqqj ¼ a2 � b2:

Table 1.4 Table Tð1, i, ε,hÞ of multiplications
of degenerate quaternion unit numbers.

1 i ε h

1 1 i ε h

i i �1 h �ε
ε ε �h 0 0
h h ε 0 0

Table 1.5 Table Tð1, e, ε, zÞ of multiplications
of degenerate pseudo-quaternion unit numbers.

1 e ε z

1 1 e ε z

e e 1 z ε
ε ε �z 0 0
z z �ε 0 0
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